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ABSTRACT T
This paper aims to explore various solution methods / /® '"iﬁa'solu\ih\gvs\
for multi-objective linear programming (MOLP) problems '@ - ® ..

within fuzzy environment. Fuzzy environment introduce
uncertainty and imprecision, which are often represented by
fuzzy sets and fuzzy numbers. Here, in this paper we are
taking triangular fuzzy numbers into consideration and will
compare different approaches of solving MOLP problems, s

including Zimmermann’s Approach, Weighted Sum Approach, N raadakiton. TP dokdrsindiiiin
Fuzzy Goal Programming Approach and fuzzy decisive set k s sk s Loca.op‘imiza,iondiy/

approach.
KEYWORDS: Multi-objective optimization, aspiration levels, expected value of fuzzy numbers, fuzzy goal
programming.
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1. INTRODUCTION

Multi-objective programming problems (MOPPs) involve the simultaneous optimization of
multiple conflicting objectives, reflecting the complexity and diversity of real-world decision-making
scenarios. Traditional multi-objective programming seeks to find a set of solutions that best balances
these competing goals. However, in many practical situations, the data and parameters involved are not
precise but rather uncertain or vague. This is where fuzzy environments come into play. Fuzzy
environments are characterized by the use of fuzzy set theory to model uncertainty and imprecision.
Unlike traditional crisp sets where an element either belongs to a set or does not, fuzzy sets allow for
partial membership, which is quantified by a membership function. This capability to handle partial
belongingness, makes fuzzy set theory particularly suitable for modeling real-world problems where
data is ambiguous, incomplete, or inherently imprecise.

In the context of multi-objective programming, fuzzy environments allow for the representation
of fuzzy objectives, fuzzy constraints, and fuzzy coefficients. This means that instead of having fixed
target values or constraints, these elements can be described by fuzzy sets, providing a more flexible
and realistic framework for decision-making. The integration of fuzzy set theory into multi-objective
programming has led to the development of various methods designed to solve these complex
problems. Techniques such as fuzzy goal programming, fuzzy weighted sum methods, and fuzzy set
decisive approach have been developed to find optimal or compromise solutions in fuzzy environments.
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The study of multi-objective programming problems in fuzzy environments is crucial for fields such as
engineering, economics, environmental management, and logistics, where decisions must often be
made under uncertainty. By leveraging fuzzy set theory, decision-makers can better capture the
challenges of real-world problems, leading to solutions that are not only mathematically sound but also
practically viable.

This paper aims to explore the various methods and approaches developed to solve multi-
objective programming problems in fuzzy environments, providing a comprehensive overview in this
regard. The paper will also highlight the advantages and limitations of these methods, by giving a
numerical illustration.

2. LITERATURE REVIEW

Multi-objective programming is a significant area in decision making under uncertainty,
particularly when dealing with fuzzy environments where imprecise information and ambiguity
prevails. The idea of fuzzy set theory was first proposed by Zadeh [19] which proves to be very efficient
for dealing vagueness of data. Later, Bellman and Zadeh [1] together introduced decision-making in
fuzzy environment. The integration of fuzzy set theory with multi-objective programming was
introduced by Zimmermann [21] in 1978, who developed fuzzy decision-making frameworks to handle
vague and imprecise information. Since then researchers have developed various methodologies to
address MOLP problems in fuzzy environment.

In 1984, Tanaka and Asai [15] proposed their work on fuzzy linear programming problem with
fuzzy numbers. They have treated all the parameters defining the problem as triangular fuzzy numbers.
Slowinski [14] and M. Sakawa [13] proposed an interactive decision making approach for solving a
MOLP with fuzzy parameters and its application in the field of water supply planning management.
Sakawa applied this approach of interactive decision-making to solve multi-objective linear fractional
programming problem within fuzzy environment. Interactive decision making approach involves
decision maker in the optimization process by interactively adjusting membership functions and
parameters based on their preferences and judgements. A new approach for solving MOLP problems
were given by Mohanty and Vijayaraghavan [12], where they solved the problem by transforming it into
its equivalent goal programming problem with appropriate priorities and aspiration levels. H. Kuwano
[7] also worked in this direction and solved fuzzy MOLP problem through goal programming approach.
While dealing with fuzzy parameters, most often the calculations become tedious and lenthy, so to
overcome this challenge, Heilpern [5] proposed the concept of expected value of fuzzy numbers.
Through this concept the fuzzy numbers are transformed into its equivalent crisp form which are easy
to handle and claims better solutions.

The research progresses and many researchers came up with different approaches for solving
MOLP problems or linear programming problems such as by defining linear membership function [3],
[17], and generalized fuzzy goal optimization [8] etc. Cohon [2] published a book on multi-objective
programming where he discusses about the various aspects of MOLPPs and its solution methods.
Jimenaz [6] and Wu et.al [18] both proposed the pareto optimal solution for MOLP problem but Wu
made it with fuzzy goals. Pareto optimal solution or efficient solution is the compromise solution for the
MOLP problem, since the achievement of optimal solution in such cases are not possible. Different
authors have suggested different concepts to solve MOLP problem and discusses its application in
various fields like agriculture, supply chain etc. [4], [16].

Recently, Mishra and Singh [10], [11] proposed a new method of solving fully fuzzy MOLP
problem using its equivalent goal programming problem and also gave its application in choosing
optimal land allocation in the field of agricultural production. They have also proposed a linear
fractional programming procedure for MOLP problem in agriculture sector where the objectives are in
ratio form, is scalarized and converted to MOLP using a novel approach [9].
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3. PRELIMINARIES
3.1 Definition: Fuzzy set
Let X be a universal set, then Ais called fuzzy set if it is characterized by a membership
function p4(x) which associate each element x in X to a real number from [0 1].
This function is known as the membership function.

3.2 Definition: Fuzzy Number
A fuzzy set A in R is said to be a fuzzy number, if it satisfies the following conditions
e Aisnormal

e A, isaclosed interval for every a € [0 1].
e The support of 4 is bounded.

3.3 Definition: Triangular Fuzzy Number
A fuzzy number A4 is called triangular fuzzy number (TFN), if its membership function is given by

(0 x<bx>c

lx —b o
o =5y perse

lc—x

t a<x<c

c—a

Where the TFN, 4 is denoted by the triplet (b, a, ¢).

4. Fuzzy Multi-objective Linear Programming Problem

Fuzzy multi-objective linear programming (FMOLP) is an extension of multi-objective linear
programming that incorporates uncertainty and imprecision in the objectives and constraints. In a
typical multi-objective programming problem, we aim to optimize multiple, often conflicting, objectives
simultaneously. The fuzzy multi-objective programming problem can be formulated as follows

Let x = (x1,x3, ...,x,,) be the vector of decision variables. Consider m fuzzy objectives
represented by fuzzy sets. The mathematical formulation of an FMOLP is as follows

Maximize F(x) = (fi(x), fo(%), ..., fru (%))
Subject to g:(x) {<, =, =} b fori =1,2,..,p

To solve an FMOLP, techniques such as fuzzy goal programming, fuzzy weighted sum approach
and Zimmermann’s approach may be employed. These methods help in determining solutions that are
acceptable under the fuzzy constraints and provide a balance among the conflicting fuzzy objectives.
Fuzzy set decisive approach is considered by Veeramani [17] which is an iterative method. Here we
considered the numerical example taken by him and try to solve it through the above stated methods.
We claim that the solution obtained through the above stated methodologies is better in comparison
with Veeramani approach.

5. Techniques for solving the FMOLP
METHOD-1: Zimmermann’s Approach

Zimmermann's approach to solving Fuzzy Multi-Objective Linear Programming (FMOLP)
problems is a prominent method that addresses the challenge of optimizing multiple fuzzy objectives
under fuzzy constraints. This approach is particularly useful in situations where the objectives and
constraints are not precisely known but are instead expressed using fuzzy sets. Zimmermann
introduces the concept of membership functions to quantify the degree of satisfaction of the fuzzy
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objectives and constraints. Let F{*® and F/*™ be the maximum possible value and minimum possible

value respectively of the kth objective function then, the linear membership function is formulated as
below

1 F = Fpn
we(F) = { (Fy — FrimY/(Frex — Frn) for Fvin < By, < Fme
O fOT Fk < Fv]:nin

fork =1,2,....,m

Then the Zimmermann’s max-min approach states that the fuzzy multi-objective linear
programming problem may transformed into its equivalent linear programming problem as

max A
Suchthat A < p(Fy) fork =1.2,..,m
And 9:(x) {<,>, =} by fori =1,2,..,p
x=0

Zimmermann’s approach provides a systematic way to handle fuzzy multi-objective linear
programming problems by transforming fuzzy sets into quantifiable membership functions and
aggregating these into a composite objective function. This method allows for an effective optimization
process by balancing multiple fuzzy objectives while ensuring that fuzzy constraints are satisfied to a
desired degree.

Method-2: Weighted Sum Approach

The Weighted Sum Method is a popular approach for solving Fuzzy Multi-Objective Linear
Programming (FMOLP) problems. This method simplifies the problem of optimizing multiple fuzzy
objectives by aggregating them into a single objective function through a weighted sum. It is
particularly useful when dealing with problems where the objectives are of different priorities and
constraints are expressed in fuzzy terms.

To combine multiple fuzzy objectives into a single linear objective, the weighted sum method
assigns a weight wj, to each objective Fj, . The composite objective function is given as

m
Max Z = Z wy, B,
k=1

Subject to g:(x) {<,>, =} b; fori =1,2,...,p

The Weighted Sum Method is a straightforward and effective technique for solving FMOLP
problems. It simplifies the problem by aggregating multiple fuzzy objectives into a single objective
function using weighted sums, allowing the decision maker to have different priority objectives.

Method-3: Fuzzy Goal Programming Approach
The Fuzzy Goal Programming (FGP) approach is a method for solving Fuzzy Multi-Objective
Linear Programming Problems (FMOLPPs) that extends traditional goal programming to handle fuzzy
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goals and constraints. It aims to find a solution that satisfies the fuzzy goals as closely as possible while
meeting fuzzy constraints.

For solving FMOLP problems, it is first change to goal programming by solving objective
separately, considering each as single LPP. By doing this we get an aspiration level for every goals. Then
by using achievement function, the fuzzy goal programming approach can be mathematically
formulated as follows

m
Min Z(d; +di)
k=1

Subject to constraints F, + dy —df =8, fork=12,..,m
And g;(x) {<,>,~}b; fori=12,..,p

Where djf and dj, is the positive and negative deviations from the kth goal. For a fuzzy goal, F,
dj represents how much the goal is exceeded and dj, represents how much the goal is underachieved.
). is the acceptable level of satisfaction for each goal.

The Fuzzy Goal Programming approach provides a structured way to handle FMOLPPs by
translating fuzzy goals into quantifiable deviations and minimizing these deviations while satisfying
fuzzy constraints. This method allows for a flexible and realistic optimization process, reflecting the
inherent uncertainties and imprecision in real-world decision-making problems.

6. 8 — feasibility of constraint set

In FMOLPPs, -feasibility is a concept used to handle the feasibility of constraints when dealing
with fuzzy constraints. §-feasibility provides a way to measure and ensure that a solution meets the
constraints to an acceptable degree, given that these constraints are expressed in fuzzy terms. f§ -
feasibility measures the degree to which a solution satisfies the fuzzy constraints, given a certain
threshold B € [0 1].

The decision vector x = (xq,x3, ..., x,) is said to be 8 -feasible for the given problem, if x
verifies constraints at least in a degree 5. The mathematical expression is given as

9:(x) <p b; fori =1,2,...,p
Where <pis defined as
_Qﬁ:{ng_ﬂ(giR_giL)beiL+B(b{z_biL) fori=12,..,p
x>0

Where (g is the set of all 8- feasible decision vectors.

This method provides a way to ensure that solutions adhere to acceptable levels of satisfaction
for all fuzzy constraints. This approach allows for practical handling of fuzzy constraints by translating
them into measurable and manageable criteria.

7. Numerical Illustration
For numerical illustration, we have taken the problem from the paper proposed by Veeramani

[17], where they have applied the set decisive approach to solve the below FMOLP problem.

Max Z;(x) = 10x; + 11x, + 15x3 P(1)
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Max Z,(x) = 4x; + 5x, + 9x3

S.t.

Ix; + 1x, +1x3 <15

3l

7X1 + EXZ + §X3 <

gxl + me + TGX3 < 1?;0

The fuzzy parameters are defined as

1=(012) 15=(10,1520) 7=(3,7,11) 5=(2,58) 3=(2,3,4)

80

(40,80,120) 44 =(24446.4) 10 =(6,10,14)
100 = (70,100,130)

Now, for constraint set we are taking f§ — feasibility, and for numerical illustration here we are setting
B = 0.5 we get,

Max Z;(x) = 10x; + 11x; + 15x3 P(2)
Max Z,(x) = 4x; + 5x; + 9x3
s.t.
O+ B)x1+ O+ B)xy +(0+ B)x3 <20-58
(B+4B)x1 + (24 3B)x; + (2 + B)x3 <120 — 408
Q2+PBx; + 24+ 2B)x; + (6 +4B)x3 <130 — 308
Now, we have solved the above MOPP by taking one objective at a time
For f = 0.5
We have,
Max Z;(x) = 10x; + 11x; + 15x3 P(3)
Max Z,(x) = 4x; + 5x; + 9x3
S.t.
0.5x; + 0.5x, + 0.5x3 < 17.5

5X1 + 3.5X2 + Z.SX3 <100
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2.5x; + 3.4x, + 8x3 < 115

X1,%X2,%x3=20

By Using MATLAB (online free version) and we get solution for first objective as,
x = 0,x, = 26.2821, x3 = 3.2051, Max Z;(x) = 337.1795.

Similarly, solve for second objective and we get,

x1 = 0,x, = 26.2821, x3 = 3.2051, Max Z,(x) = 160.2564.
Method 1: Zimmermann’s Approach

Now, we have considered the obtained maximum values of the objective considering only

one objective at a time as the parameter with some flexibility i.e. Max Z; as fuzzy parameter, So,
define the membership function of objective Z; by setting lower limit to 300,

we get,
(0 ;21 < 300
Moy ) = 4;;—?;';0 ;300 < 7 < 337.18
1 sz = 337.18

Similarly for objective Z; by setting lower limit to 150, we can construct the membership function as

(o ;25 < 150
op) = h;i" :150 < 7, < 160.26
1 iz, > 160.26

Then by using the Zimmermann’s approach for compromise solution, we have

Max A P(4)
s.t.

Z,-300

<
A 37.18

Z,—150

<
A 10.26

0.5X1 + 0.5X2 + 0.5X3 <175
5x1 + 3.5X2 + 2.5X3 <100
2.5x; + 3.4x, + 8x3 < 115

X1,%2,x3 =0
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We get the equivalent LPP of MOPP as,
Max 1 P(5)
s.t.
—0.27x; — 0.3x; — 0.4x3 + 1 < —8.07
—0.4x; — 0.5x, — 0.88x3 + 1 < —14.62
0.5x; + 0.5x, + 0.5x3 < 17.5
5x1 + 3.5x, + 2.5x3 < 100
2.5x1 + 3.4x, + 8x3 < 115
X1,%,%3,A =0
Solving the above we obtained the solution as,
x1 =0,x, = 26.2821, x3 =3.2051, 1 =1
For this solution,
Max Z; (x) = 337.18, Max Z,(x) =160.26
Method 2: Weighted Sum Method

Here also we have taken 8 — feasibility of the constrained set, and for the numerical solution we
set § = 0.5.

Let Z; and Z, be two objectives then by using weighted sum method the objective of the MOPP
becomes
Z(x) = Y2 WiZ; =wiZy + Wy 7
As the two objectives are of same nature, we can take w; = w, = 0.5
So, the MOP problem reduces to,
Max 7x; + 8x; + 12x3 P(6)
s.t.
0.5x; + 0.5x, + 0.5x3 < 17.5
5x; + 3.5x, + 2.5x3 < 100

2.5x1 + 3.4x, + 8x3 < 115

X1,%2,x3 =0
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By solving the above LPP, we get solution as,
x; = 0,x, = 26.2851, x3 = 3.2051
Max Z; (x) = 337.18, Max Z,(x) = 160.26
Method 3: Goal Programming method
Here also we have taken 8 — feasibility of the constrained set, and for the numerical
solution we set § = 0.5.
As both the objectives are of maximization type, we can set the aspiration level for the objectives by
considering one objective at a time and solving the MOPP as LPP, we get
two LPP’s
Max Z;(x) = 10x; + 11x; + 15x3 P(7)
s.t. 0.5x1 + 0.5x, + 0.5x3 < 17.5
5x; + 3.5x, + 2.5x3 < 100
2.5x1 + 3.4x, + 8x3 < 115
X1,%3,x3=>0
Max Z,(x) = 4x; + 5x; + 9x3 P(8)
st.  0.5x; +0.5x; +0.5x3 < 17.5
5x1 + 3.5x, + 2.5x3 < 100
2.5x1 + 3.4x, + 8x3 < 115
X1,X2,%x3=0
We get the aspiration level of both the objectives as,

Max Z; = 337.1795, MaxZ, = 160.2564

To find the compromise solution, the goal Programming technique has been used.
The achievement function is formulated as,

Mindy —di +d; —d5 P(9)
s.t.
10x; + 11x, + 15x3 + di —df =337.1795

4x; + 5%, + 9x3 + d; —dF = 160.2564

0.5X1 + 0.5X2 + O.SX3 <17.5
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5X1 + 3.5X2 + Z.SX3 <100

2.5X1 + 3.4‘X2 + SX3 < 115

X1,%2,%X3 =20

By solving above on MATLAB (free online version), we get

x1 = 0,x, = 26.2821, x3 = 3.2051,

di =df = 101.488, d; = d} = 105.76

For this solution

Zy = 337.1795 and Z, = 160.2564

Table-1: Comparison of solution obtained by different approach

Objectives Zimmermann's | Weighted Sum Fuzzy Goal Fuzzy Set
Approach Approach Programming Decisive
Approach Approach
Zq 337.1795 337.1795 337.1795 139.1
Zy 160.2564 160.2564 160.2564 80.12

8. CONCLUSION

In the comparative study of solving techniques for Fuzzy Multi-Objective Linear Programming
Problems (FMOLPPs), several approaches stand out for their distinct methodologies and applications.
Here, we summarize and compare four prominent techniques: Zimmermann’s approach, the Weighted
Sum Method, the Fuzzy Goal Programming (FGP) approach, and the Fuzzy Set Decisive Approach.

Zimmermann'’s approach simplifies the problem by aggregating multiple fuzzy objectives into a
single function. It is particularly effective when a clear aggregation of objectives is possible and when
the degree of satisfaction for each objective can be precisely quantified. However, it might be less
effective in highly complex or non-linear fuzzy environments.

The Weighted Sum Method transforms the problem of optimizing multiple fuzzy objectives into
a single-objective problem by using a weighted sum of membership functions. It excels in scenarios
where objectives can be linearly aggregated and when relative importance of objectives is well
understood.

This technique focuses on minimizing deviations from fuzzy goals, providing a flexible
framework to handle multiple fuzzy objectives and constraints. FGP is particularly useful in cases where
a balance between goal satisfaction and constraint compliance is crucial.

The Fuzzy Set Decisive Approach employs fuzzy set theory to evaluate the feasibility of
solutions based on their membership values in relation to the fuzzy constraints. This method might
prove to be lengthy and can takes number of iterations.
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