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ABSTRACT:

In the present paper, the author has studied about the
structures which are the products and ratios of statistically
independently  distributed positive real scalar random
variables.The author has derived the exact density of Generalized
gamma density by the Hamkel Transform of the unknown density
and afterthat the unknown density has been derived in terms of
certain generalized hypergeometric functions by taking the
Inverse Hankel Transform .A more general structure of
generallized Gamma density has also been discussed.
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1. INTRODUCTION

General structures

A real scalar random variable ¥ is said to have
a real generalized gamma density iwhen the
density is of the form:

a

Pa 1 —ax®
a-1 -ax’

)
— B
f(x) ) 0,elsewhere

(1.1)
For x>0,a>0,ﬂ>0,a>0_

Where the parameters & and B are real. The
following discussion holds even when & and

B are complex quantities. In this case, the

conditions become Re(@)>0,Re(5)>0

where Re(.)Jmeans the real part of (.).
Consider a set of real scalar random variables

Hoeees Xy , statistically independently

distributed, where Y/ has the density in (1.1) with the

parameters @By =1k and consider the
product
U=XX..X, (1.2)

In the standard terminology in statistical literature,

the /" moment of U, when Y has the density in (1.1),
is given by

F(ourhj
E(xh):—ﬁ, forRe(a +h) >0

(1.3)
Due to statistical independence,

E(u")=[ EG)) | EGD || EGD ]
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a.+h
F J
: [ P, j
=II————=, forRe(a+h)>0,j=1,...,k
! [O‘/} B
'\ —|a”’
P, (1.4)

The H -function is defined by means of a Mellin-Barnes type integral in the following manner
(Mathai and Saxena, 1978):

el

H(z)=H""(z)= H" [z

m,n (al,Al),m,(ap,Ap) _L —s
Hp,q [Z (01.B,).(by -B,) } - i J.Q(S)Z ds
= L (1.5)
Where [=V=Lz#0,,q 27 =expl-sin|z|+iargz] pope |2 |represents the natural
logarithim of E |and aIg Zjs not the principal value. Here
. T (b, +Bs)IT(1-a, - 4,5)
q P
j5+lr(1—bj—Bjs)j§+lr(aj+Ajs) o,

The Hankel transform of J(x) denoted by H, {f(x);p} or Fv(p)is given by

0

H,{f(x); p} = [ xJ,(px) f(x)dx
0 (1.7)

2. Hankel Transform of g(u)

We can calculate the Hankel transform of & (u) of Ufrom the property of the statistical
independent and is given by:

E[u], (pw)] = E[xJ,(px)| E[x,J, (px,)]...E[x,J, (px,)] 21)

0

Elu,(pu)]= [uJ,(pu)g(u)du
0 (2.2)

o 1V Vv+2r oo
— ( 1) (%j J.uv+2r+lg(u)du

—rirv+r+1 0
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J,(p)[u " g(u)du
= 0 (2.3)
Now taking the Mellin transform of g(u) with 7 replaced by (v+2r+2)-1 .
[aj +v+2r+ IJ
k B.
E(uv+2r+1):Jv(p)H J —
=1 a. v+ﬁr+
r—la,”
_ B;)"
= (2.4)

The unknown density gu) is obtained in terms of  -function by taking the inverse Hankel

transform of (2.4). That is
1

k aE ‘
gu)=J (P ——<H\u| = ij=1..k
' r[af J i)
/ (2.5)
Where S=V+2r+2,,4 s>0.
If we take "/ , the & -function reduces to the Y -function, for special values of %,

one can evaluate (2.5) in terms of elementry special functions.
If we consider more general-structures in the same category. For example, consider the
structure

u, =x'"x32.x"*,y, >0,j=L..,k (2.6)

Where *°> % are mutually independently distributed as in (2.1).

Then the. Hankel transform of & (ul)of “is obtained from the property of the statistical
independentiand is given by:

EluJ,(pu)1= E[ x0T, (px) | E[ %3, (px) | E[ T, (px]) |

. aj+yﬂv+2r+DJ

=JAPH§ ( b

(v+2r+1)y;
r % a,
B )’
2.7)
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The unknown density gw) is obtained in terms of # -function by taking the inverse Hankel
transform of (2.7). That is
}a3

J

k aj k,0 —_— .
g(u1)=Jv(p)jH:1—Hoz u [a/ y/J;J:L k
BB,

S H )
3)
P, (2.8)

3. A More General Structure
We can consider more general structures. Let

o XoXasen X,

xr+1,...,xk (31)

Where 1> % , mutually independently distributed real random variables having the density in

(1.1) with xfhaving parameters ;B :1""’k.

Then the Hankel transform of g(w) is given as:

E[wJ (pw)] = E[x,J,(px)]..E[x.J,(px,)]
E[x!d, (ph) |- E[ 50, (o)

(3.2)
- k
=J,(p) ,H:1 1 274l j}ll 1 —(2r+1)
r a7l alt r % a l
ﬁj ! ﬁj ’
((xjﬁ-s—lJ r(aj—sﬂj
ﬁ ﬁj 1% ﬂj
Jj=1 L_l J=r+l 1_7?
ajﬁ/’ aj.ﬁ/
(3.3)

The unknown density J(x) is obtained in terms of # -function by taking the inverse Hankel
transform of (3.3). That is
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1
r a’,ﬁ/’ k a_ﬁ/
gw) =J, (P l———=r 1 ——
J=1 a. J=r+l o.
ﬁf J

i
k
h
(3.4)

B, =1j= 1""’k, the H -function reduces to the G -function.

If we consider more general structures in the same category. Let, consider the structure

v r
X e X
Wl - x}’r+1 xk
k (3.5)

IESIEREE

Where 1> % , mutually independently distributed real random variables having the density in

(3.5) with xfhaving parameters a,pB;i= 1,...,k.

Then the Hankel transform of gm) is given-as:

Elw (pw)]) = E[ 3", (px") JE[ x0T, (p3]) ]
E[x'y"*‘ J, (px;f{*‘ )} E [x,;” J, (px,;” )] (36)

r+l

' | (3.7)
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The unknown density gw) is obtained in terms of  -function by taking the inverse Hankel
transform of (3.7). That is

1 1

r a’,ﬁ/’ k a_ﬂ/
gow)=J,(p)\1———= 14 Tl ——
Jj=1 a. J=r+l a.
r|-=- r|-=-
J ﬁj
L
Ma” [1 ol ”J o
r.k—r Jj=1 J B, B
Hk—rk w 1 a—l/y '
k _F é ,ﬂ—/ J=r+l,..k
j
j§+1aj Y
(3.8)

For Bi=Ly;=Lj= 1""’k, the H -function reduces to the U -function.
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