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ABSTRACT :  

We derive the expression of reflection & transmission coefficient of dilaton-axion black hole in low 

frequency limit. Both terms get modified by the expression  1 −
𝑟

2

0

𝑟
2

+

 

2

. 
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INTRODUCTION: 

Black holes being an astrophysical objects has become 
very challenging to study – due to its strong observational 
evidence1,2. Recent experimental works suggest SGrA* as well 
as M87 as supermassive black-holes3-8. Other experimental 
team having very high resolving power telescope highlights 
gravitational waves emanating from black-holes as well as its 
formation of shadow9-13. Recent works on scattering and 
absorption of particles and waves in the black-holes 

background spacetime has also reveal the relevance of experimental observations. In this context, the 
absorption of massive or massless scalar field, fermions, electromagnetic and gravitational wave in 
Schwarzschild back ground spacetime was studied14-20. In the background of Reissner-Nordstrom, rotating 
and regular black hole spacetime in this context considerable number of works exist in the literature21-46. Our 
main objective is to analysis the expression of reflection and transmission coefficient for a monochromatic 
massive charged scalar particles in the background of dilation-axion black-holes in low frequency regime. 
_______________________ 
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Reflection & Transmission Coefficient at Low Frequency Regime : 

We begin with the action describing dilaton-axion black hole as47 : 

𝑆 =  𝑑4𝑥 −𝑔  𝑅 −
1

2
𝜕𝜇𝜑𝜕𝜇𝜑 −

1

2
𝑒2𝑎𝜑 𝜕𝜇𝜉𝜕

𝜇𝜉 − 𝑒−𝑎𝜑 𝐹𝜇𝜈 𝐹
𝜇𝜈 − 𝑏𝜁𝐹𝜇𝜈 ∗ 𝐹𝜇𝜈   

…(1) 
where 𝑅 is the scalar curvature, 𝐹2 = 𝐹𝜇𝜈 𝐹𝜇𝜈  represents Maxwell field, 𝜑 and 𝜁 are the massless 

scalar dilaton and the massless pseudoscalar axion respectively. a and b represent the coupling of dilaton 
and axion field with electromagnetic field. We begin with the spherically symmetric metric, 

 

𝑑𝑠2 = 𝑈 𝑟 𝑑𝑡2 +
1

𝑈 𝑟 
𝑑𝑟2 + 𝑝 𝑟 2𝑑Ω2                                … (2) 
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Solving Einstein’s equation, one can get different classes of dilaton-axion black hole solutions for 
different choices of a and b. we write the metric function as,47 

 

𝑈 𝑟 =  
 𝑟 + 𝑟+  𝑟 − 𝑟− 

𝑟2 − 𝑟0
2                                         … (3) 

 
with 

𝑝 𝑟 2 =  𝑟2 − 𝑟0
2                                          … (4) 

 
𝑟+ and 𝑟− are the two horizons and 𝑟0 is the dilaton-axion charge47. 𝑟0 and 𝑟± are related to electric charge 

𝑄𝑒 , magnetic charge 𝑄𝑚 , dilaton field at infinity 𝜑0 and black hole mass 𝑚 as 𝑟0 =
 𝑄𝑒

2−𝑄𝑚
2   𝑒−𝜑0

2𝑚
, and 

𝑟± = 𝑚± 𝑚2 + 𝑟0
2 −  𝑄𝑒

2 + 𝑄𝑚
2   𝑒−𝜑0

47. 
 

In the background of our black-hole, the dynamics of a charged massive perturbing scalar field can 
be described by the Klein-Gordon equation as follows: 

 
  ∇ν − 𝑖𝑞𝐴𝜈   ∇ν − 𝑖𝑞𝐴𝜈 − 𝑚1

2 Φ = 0                          … (5) 
 

where 𝑞 and 𝑚1 are the charge and mass of the scalar field and vector potential 𝐴0 =
𝑄

 𝑟+𝑟0 
. Using 

the ansatz Φ = 𝑒−𝑖𝜔𝑡 𝑅 𝑟 𝑌𝑙𝑚 ′  𝜃, 𝜙 , the radial wave equation can be written as, 
 

∆
𝑑

𝑑𝑟
 ∆

𝑑𝑅

𝑑𝑟
 + 𝑈1𝑅 = 0                                               … (6) 

 
where 𝜔, 𝑙 and 𝑚′  are the conserved energy, spherical harmonic index and azimuthal harmonic 

index respectively. In our case ∆=  𝑟 − 𝑟+  𝑟 − 𝑟−  and 𝑈1 =
 𝑟2−𝑟0

2 
2

𝑟2
 𝜔𝑟 − 𝑞𝑄

𝑟

𝑟+𝑟0
 

2

− ∆ 𝑟2 − 𝑟0
2 𝑚1

2 +

𝑙 𝑙 + 1 . Where 𝑄2 = 𝑄𝑒
2 . Using the tortoise coordinate 

𝑑𝑟∗

𝑑𝑟
=  

𝑟2−𝑟0
2

∆
  and changing the radial function as 

𝑅 = 𝑟𝑅 𝑟 , we get an wave equation for the radial part of the equation as, 
 

𝑑2𝑅 

𝑑𝑟∗2
+ 𝑈 1𝑅 = 0                                                     … 7  

 
where the domain for 𝑟∗ is  −∞, +∞  and 
 

𝑈 1 =
𝑈1

𝑟4
−

∆

𝑟3

𝑑

𝑑𝑟
  

∆

𝑟2
                                            … (8) 

 
In this work we make use of a dimensionless parameter 𝑣 corresponding to the scalarfield as, 
 

𝑣 =  1 −
𝑚2

𝜔2
                                              … (9) 

 
For unbound modes 0 < 𝑣 < 1 and 𝜔 > 𝑚. Being 𝜔 > 𝑚, in low frequency region, 𝑚𝜔 ≪ 1 and 

thus 𝑚𝑚1 ≪ 1. Region near the event horizon  𝑟 → 𝑟+ , we have from equation (8), 
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lim
𝑟→𝑟+

𝑈 1 =  1 −
𝑟0

2

𝑟+
2 

2

  𝜔 −
𝑞𝑄

 𝑟+ + 𝑟0 
 

2

= 𝜎2                         … (10) 

 
Thus the transmitted part of the radial wave equation has solution as, 
 

𝑅 = 𝐴𝑡𝑟𝑎𝑛𝑠 𝑒−𝑖𝜎 𝑟∗                                                         … (11) 
 
where the tortoise coordinate is represented as, 
 

𝑟∗ ≈
1

𝑈1 𝑟 = 𝑟+ 
ln 𝑟 − 𝑟+ + 𝑟∗ 0                            … (12) 

 
and 𝑟∗ 0  is a constant. Substituting the expressions of 𝑟∗ and 𝜎, the solution of equation (6) for 

𝑟 → 𝑟+ will be, 
 

𝑅 𝐼 = 𝐴𝐼  1 −
𝑖  𝜔 −

𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2 

𝑈′ 𝑟+ 
log(𝑟 − 𝑟+)                       … (13) 

 
We take the limit 𝜔 → 0 as well as 𝑚 → 0 in eqn(6). For 𝑚𝜔, 𝑚𝑚1 ≪ 1, we want to concentrate on 

the dominating mode 1 = 0. Now the differential equation describing the intermediate region can be 
written as, 

 

𝑑2𝑅 

𝑑𝑟2
−  

 𝑟+ + 𝑟− − 2𝑟 

 𝑟 − 𝑟+  𝑟 − 𝑟− 
+

2𝑟0
2

𝑟 𝑟2 − 𝑟0
2 

 
𝑑𝑅 

𝑑𝑟
= 0               … (14) 

 
The solution of equation (14) in the limit 𝑟 → 𝑟+ can be written as, 
 

𝑅 𝐼𝐼 = 𝜁1  1 −
𝑟0

2

𝑟+
2 ln 𝑟 − 𝑟+ − 𝜁1  1 −

𝑟0
2

𝑟+
2 ln 𝑟+ − 𝑟− + 𝜏                 … (15) 

 
where 𝜁1 and 𝜏 are constants to be determined. Comparing the equation (13) and (15) we get, 
 

𝜁1 = −𝐴𝐼𝑖𝛼  𝜔 −
𝑞𝑄

 𝑟+ + 𝑟0 
                                         … (16) 

 

where 𝛼 =
1

𝑈 ′  𝑟+ 
, and 

 

𝜏 = 𝐴𝐼  1 − 𝑖  𝜔 −
𝑞𝑄

 𝑟+ + 𝑟0 
  1 −

𝑟0
2

𝑟+
2 𝛽                               … (17) 

 
Where 
 

𝛽 = 𝛼 ln 𝑟+ − 𝑟−                                                         … (18) 
 
For the asymptotic region  𝑟 ≫ 𝑟+  the differential equation (6) can be written as, 
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𝑑2

𝑑𝑟2
+   𝜔2 − 𝑚1

2 +
2𝑚 2𝜔2 − 𝑚1

2 

𝑟
−

𝑙 𝑙 + 1 

𝑟2
  𝑟 𝑓

1

2  𝑅 = 0             … (19) 

 

We neglect the terms 𝑂  
1

𝑟2
  that are proportional to 𝜔2, 𝑚1

2, 𝑟0
2𝑚1

2 and terms of order 
1

𝑟3 . In the 

asymptotic limit for 𝜔𝑟 ≪ 1 and 1 = 0, the solution of equation (19) can be written as, 
 

𝑅 𝐼𝐼𝐼 = 𝑎1𝜌𝜔𝜐 +
𝑏1

𝜌𝑟
                                 … (20) 

 

where 𝜌 =
−𝑚𝜔  1+𝜐2 𝑣 

 𝑒−𝑚𝜔  1+𝑣2 𝑣 −1 
 

 
In the asymptotic limit we can write the equation (15) as, 
 

𝑅 𝐼𝐼 = −𝜁1

 𝑟+ − 𝑟−  1 −
𝑟0

2

𝑟+
2 

𝑟
+ 𝜏                              … (21) 

 
Comparing the equations (16),(17),(20) and (21) the expressions of 𝑎1 and 𝑏1 can be written as, 
 

𝑎1 =
𝐴𝐼  1 − 𝑖  𝜔 −

𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2 𝛽 

𝜌𝜔𝜐
                   … (22) 

 
And 
 

𝑏1 = 𝐴𝐼𝜌 𝑟+ − 𝑟− 𝑖𝛼  𝜔 −
𝑞𝑄

𝑟+
  1 −

𝑟0
2

𝑟+
2                             … (23) 

Thus the expression of amplitude for incident wave can be written as, 
 

𝐴𝑜𝑢𝑟
𝑖𝑛𝑐 =

−𝐴𝐼  1 + 𝜌2𝜔𝜐 𝑟+ − 𝑟− 𝛼  𝜔 −
𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2 − 𝑖𝛽  𝜔 −

𝑞𝑄

 𝑟++𝑟 
  1 −

𝑟0
2

𝑟+
2  

2𝑖𝜌𝜔𝜐
 

…(24) 
and the expression for reflected wave can be written as, 
 

𝐴𝑜𝑢𝑟
𝑟𝑒𝑓 =

𝐴1  1 − 𝑖  𝜔 −
𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2 𝛽 − 𝜐𝜌2𝜔𝛼 𝑟+ − 𝑟−  𝜔 −

𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2  

2𝑖𝜌𝜔𝜐
  

…(25) 

From the expressions of 𝐴𝑜𝑢𝑟
𝑖𝑛𝑐  and 𝐴𝑜𝑢𝑟

𝑟𝑒𝑓
, the reflection and transmission coefficient of the incident 

wave in the back ground of dilaton-axion black hole can be written respectively as, 
 

 𝑅𝜔𝑙  𝑜𝑢𝑟
2 =  

𝐴𝑜𝑢𝑟
𝑟𝑒𝑓

𝐴𝑜𝑢𝑟
𝑖𝑛𝑐

 

2

= 1 −
4𝜌2𝜔2𝜐 𝑟+ − 𝑟− 𝛼  𝜔 −

𝑞𝑄

𝑟+
  1 −

𝑟0
2

𝑟+
2 

  1 + 𝜌2𝜔2𝜐𝛼 𝑟+ − 𝑟−  𝜔 −
𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2  

2

+   𝜔 −
𝑞𝑄

𝑟+
  1 −

𝑟0
2

𝑟+
2 𝛽 

2

 

 

…(26) 
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and 

 𝑇𝜔𝑙  𝑜𝑢𝑟
2 =

4𝜌2𝜔𝜐 𝑟+ − 𝑟− 𝛼  𝜔 −
𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2 

  1 + 𝜌2𝜔𝜐𝛼 𝑟+ − 𝑟−  𝜔 −
𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2  

2

+   𝜔 −
𝑞𝑄

 𝑟++𝑟0 
  1 −

𝑟0
2

𝑟+
2 𝛽 

2

 

 

…(27) 
Substituting the expressions of 𝛼 and 𝛽, we find for 𝑟0 = 0, 𝑞 = 0,  𝑅𝜔𝑙  

2 &  𝑇𝜔𝑙  
2 will reduce to the 

expressions of Reissner – Nordstrom black-hole. 

 
The behaviour of transmission & reflection coefficients with respect to frequency has been depicted 

in the figures. As transmission coefficient increases , reflection coefficient decreases with respect to 𝜔. 
 

CONCLUSION : 
We study the reflection & transmission coefficient of dilaton-axion black hole under charged massive 

scalar field perturbation in low frequency limit. We observed that the presence of  1 −
𝑟0

2

𝑟+
2 

2

 modifies the 

expressions of reflection & transmission coefficient of our black hole in comparison to Reissner-Nordstrom 
black hole in low frequency limit. 
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