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ABSTRACT :
In the present paper, the author has defined fractional integral operators associated with Aleph( X )-

function for real positive symmetric definite matrix . Some special cases of our operators have been
mentioned.
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INTRODUCTION:
(a) N -function with matrix argument
Let Xisa px p real symmetric positive definite matrix of functionally independent variables. Let

the X - function introduced by Suland et.al. [7] defined and represented in the following form:

(a;,a), Mt (a0l
N[Z] :NZ,; T, :r[Z] :NZ.’,nqi;r.:r z I ! 4 & =_1 IO(S)ZSdS
e ’ ’ (bjﬁ ﬁj)l’m:[ri(bjiaﬁji)]m+1,q,. 27760 L (11)
Wherew =V — 1;
HF(bj —ﬁjs)HF(l—aj +a,;s)

0(s) = qu‘ = 2 (1.2)

Zri { H r{-b, +ﬁﬁs)H [(a, —(xﬁs}

i=1 J=m+1 J=n+l1

We shall use the following notations:

1 Z(ajﬁaj)l,nﬁ[z-i aji’aji)]n+1,p,;B* :(bjﬂﬂj)l,mﬂ[l-i bji’ﬁji)]m+l,q,

It is assumed that N(XY) = N(YX) for real symmetric m x m positive definite matrices X and ¥, N(X)is
defined by the following integral equation:
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e HF (b, ﬁi)l_[l“m(i—a +a,6)
j|X|"TN(X)dX— :

oo z {H rm(L”_b +8.6T] Tuta, —aﬂ.f)}

J=m+1 J=N+1

(1.3)

(b) Matrix transform
A generalized matrix transform or M-transform of a function f(X)of a mxm real.symmetric
positive definite or strictly negative definite matrix X is defined as follows:

m+1

M, (s)= j X[ 2 f(X)dX (X >0) (1.4)

X>0

Whenever M ,(s)exists. Also f(X)is assumed to be .a symmetric function i.e.

f(BX)= f(XB) =f(B%XB%)for B=B"'">0.When X <0replace X by —X in M -transform.

(c) Integral operators involving X -function

YIf(0O1=Y| rin -
S fm Ep_) 0<J<X|U flx-ul N s (1.5)
NL/(OI=N| f -
|X|§ -0 N A*
urw-x w)rwau
e )UIX [ ] (1.6)

The above defined operators exists under the following conditions:

(i) p, 21,9, <o, L+i—1 Jarg(l —a) <, (||)(Re(0')>i Re(é‘)>i Re(p) > m+1

i i i i

b,
(i) Re(ct+ min 7, —) > mTH (iv) £(X)eL,(0,).

B
The last condition ensures that Y[ f(X)]and N[ f(X)]both exist and also both belong to L, (0, ).

2. Main Results
The following theorems of the operators defined by (1.5 and (1.6) have been established in the
expression of matrix transform:
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Theorem 1: If f(X)e L,(0,00) 1< P <2[orf(X)eM,(0,0)and P> 2]where

b, m+l 1 +1 m+1
Re(a + min %) >— Re(o) > ——,Re(?) >— ,Re(c—t+1)> and |arg(/ —a) |< 7 then
=M B 2 ’ 2
1_‘m (O-_t—i_rn;_l) [LHH)A*
— m,n+1
M{Y[f(X)]} - rm(p) z\ép +1,q;+1:t; r[}/l B* [mTH__ —pllj}M[f(U)] (21)

Where [ is mx m identity matrix.

Proof: Taking the matrix transform of equation (1.5), we get

_m+1 |X|—op
MIY[f(X)]} = X| 2
vroon= [ x| {Fm()

X>0

Urx-urT N
]

0<U<X

] f(U)dU}dX

Changing the order of integration which is permissible under the conditions stated with the theorem, we
obtain

MY f(X)]} = o) j 0' Ul fU)du
j|X|"“""mz+l|X—U|”"n2+lx[ ~Ux! gi]}d){

On evaluating X “integral with the help of the result :

1 _m+l mtl

A* m,n+
I| X| B II X‘ |: B*:|dX = rm(p)xpi+l,;i+lzri:r |:| Z|B* m+l
0

mrl Re(p)>mT+1—1

b,
Where Re(e + min 7, —-) >

1<j<m ﬁj

We obtain the required result.
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Theorem 2: If f(X)e L,(0,00) 1< P <2[orf(X)e M,(0,0)and P> 2]where Re(6 + r<n1nﬁ—)>mTJrl
J

JRe(8) > - Re(r) > Tl Re( +1)> "L

i

r,(5+1
M{NLf(X)]} = % Nt [71

and |arg(/ —a)|< 7 then

[Bf[mil_p,lﬂM [/ (U)] (2.2)

2

Where [ is mx m identity matrix.
Proof: Taking the matrix transform of equation (1.6), we get

m+l1 X5
Moy =[x L’—('p)

m+1

Jlorso-xi = |y

Pi q;:T;r

] f(U)dU}dX (2.3)

U>X

And changing the order of integration and evaluation ‘X -integral with the help of (2.3), we obtain
the required result.

Theorem 3:

If f(X) € Ly(0,00), g(X) € L, (0,0) where Re(S + min F) > mTH

Re(5) > —i,Re(p) > mTH,Re(O') > max [i+lj and |arg(/ —a) |< 7 then

i i i

PoYig, |4X 2 jg(X)N[ o J1X (2.4)

[ reor]

X>0
Proof: Equation (2.4) immediately follows on interpreting it with the help of equations (1.5) and (1.6).

Special Cases
(i) If we putm=Tyn=lp=2,9=2,y =1,7, =1,r =1,then the operators (1.5) and (1.6) reduce to their
Mellin transforms in the following form:

|X1_G_p 15 p‘mTH 1,2 -1

YIS (X)]= Urlx-ul" H3[d-ux™]fW)au
Fm(p) 0<U<X

Here

Yen1=v| L |
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And

[ -ux )] =] a-ux )

(ay,o3D).(ay,05)
(b, BBy, Ba31)

Then

m+1
o2
2 m+1

X _pm
Z1)| | J. |U|0'|I_UX—1|pﬂ )
rm(p) 0<U<X

r,( »
YIf(X)]= JF[=(-Ux ] fU)au

Where

1—‘m (nm_al +ﬁljrm (’M_a2 +ﬂ2j
_ 2 2
F(XI)_ m+1
rm( > _0‘1_0‘2"‘/31‘*‘/32)

_ m+1 m+1 m+1 _
zFl[_;(I_UX 1):Iz ZFI{T_OQ _ﬂlﬂT_az "ﬂz;T_ﬂl 'ﬂzQ_(I_UX 1):|

By virtue of the result [6].

Taking M -transform on both sides, we get

MA{Y(f(X)}= T (o)

B DML U)]

r, (m;lJraij(erﬁl)
Where F(;(z)z

Fm(o+p+ﬂl+m+1j

2
And

m+1 m+1 m+1
3F2(_;[): 3F2(T_a1 +ﬁ1’T_a2 +ﬁ2:G+T;

mTH_ﬁz +ﬁ1ao-+p+mT+1+ﬁ1;1j
N[f(X)]=F|X—(|p) [1urv-x("% H2[0-xU™)] W)U

Journal for all Subjects : www.lbp.world



ON FRACTIONAL INTEGRAL OPERATORS ASSOCIATED WITH ALEPH-FUNCTION FOR......... VOLUME - 8 | ISSUE - 4 | JANUARY - 2019

Where
NLACOT=N| £(X)

(aa;D),(ay50),
o,p,l; ’ and
’ p’ >(b.fy NI :| !

HE[(1-XU™) =33 (1= XU ™)

(ay,a131),(az,05)
(b, B1)s(by . Br31)

Then

§+p—m—+1

r X[ g 1
NLF (X)) = '"("lr)'(p') [ urm—xu (" B[ - x| papau

Where

R[=(1-xu)]=

m+1 m+1 m+1 _
F|:T_a1+ﬁ1aT_a2 +ﬁ2;T+ﬁ1_ﬂ2;_(1_X(] 1):‘

271

Taking M -transform on both sides, we get

MmN =D rr m((;f)l)rm ) gl M)

(i) Putting p=0,g=1,m=1,n=0,y =17, =1,r =1, then operators (1.5) and (1.6) reduce to their Mellin

transform in the following forms:

e =20 1 ueeu 7Y g [a-uxen|,, | ranau

Fm (p) 0<U<X

Where

YLFQOI=Y | f(X)ospitiy, ) | and H [ (T=UX )]G, [= 1-0X7 )P et

2 gl
S N [wopir-ux

e—tr(l—UX’l)f(U)dU
1—‘m (,D) 0<U<X

By virtue of the result [7]. Taking M -transform on both sides, we get

L.(p+B)

MU
T (o) [Lf(U)]

M{Y(f(X)}=

Also
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X 5 p-r RN
WX oreru-x (™ mpla-xu)|,, rwwu

NLFOT=+ o)

Where

NLf (X)) =N f(D[8.p.1;,, | and

H(l):? [(1 _XU_I)‘(_/;J)] =| 1l _XU_I |ﬁ e_tr(i_XU%)

5 m+1 m+1
_ |X| j |U|_6_T|I_X(]—l|p+ﬁ_7

- e £(UdU
L,(P) iy

By virtue of the result [3]. Taking M -transform on both sides, we get

rm(p—sw—m;lj
r,(p)

If we put a; = ﬂj =L(j=1,..,P;j=1,..,0) the operators reduce to G -function given by Vyas [8].

M{N[f(X)]} =

MLf(U)]

+1
Theoremd. If £(X) e L,(0,0) 1< P < 2[orf(X) € M, (0,00)and P > 2] where Re(c) > mT

m+1

Re(o) > —l,Re(p) > mTH,Re(a -o)> and |arg(/ —a) |< 7 then
q

r, (O'_SJFm;ljrm(P +a)
MR, f(XO]} =
8

0'—s+a+p+mz+1jl“m(p)

1F{p+a;0'—s+a+p+mT+1;I}M[f(U)] (2.5)

Proof: Using the Mellin transform of
RLACO]=R[ S5 £(X) )=

X[ o
= [ jurix-ul e Gﬁf[a([—UX‘l)
Fm(p) 0<U<X

o | fwau (26)
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We get
MR, f(XO)f =

m+1
XS_T X—o‘—p _m+l
I' | X [ wrix-ul G(l):?[a(l_UX_I)‘(_bl)]f(U)dU}dX
X>0 rm(p) 0<U<X

Changing the order of integration which is permissible under the conditions stated with the theorem, we

obtain

m+1 m+1

X[ x-ul e G fat-ux _l)ﬂd){z @ 41O
1—‘m(f)) U>X

0<U<X

S—o‘—p—a—m—H p-*—af—m—-*'1 —r(1-UX™)
j|X| Y1x-U|l e dX

X>U

On evaluating X -integral with the help of result given by Mathai [3]

1 m+1 m+l
Ie_tr(XZ) |X|6 2 |I—X|p g 2 dX =FM(5IZFIE(€_5) 1F1[5;p;_Z] (2.7)
P

0

For Re(0) >mT+1,Re(p) > mTH,Re(p—é) > mTH

We obtain the required result.

f(X)e L,(0,00) 1< P<2[orf(X)eM,(0,0)and P> 2]where

Theorem5.  If
Re(6) > —%,Re(p) 3 *l ,Re(ax —p) > m_+1,l+l =1and |arg(/ —a) |< 7 then
q
r, (5+s+n12Hij(p+a)
MAKE 05 f (Ol = —
Fm(5+s+a+p+2jl"m(p)
IFI{p+a;5+s+a+p+mT+l;I}M[f(U)] (2.8)

Proof: Using the Mellin transform of

|
Re(a) > %
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Kf (O =K[ 50 /() ]=

|X|6 2 P9

rm(p)U_L|U||X Ul G [ ]f(U)dU (2.9)
We get

MK}, ; /(X)) =

f'Xr(|)X|“

X>0 U>X

ureru-x(r Gg?[au XU~ )\(,,)] (U)dU}dX (2.10)

Changing the order of integration and evaluating X -integral with the help of (2.6), we-obtain the required
result.

When M =1,N =0,P=0,0=1,a=1in(2.6) and (2.9) reduces to the following from of operators:

RIfF(X))=R[ 55 £(X)]=

X - 1,0
Urix-ul 2 G01 U)dU (2.11)
r,(p) 0<U<X| . | |: ]f( )
And
K[f(X)]=K [C,pl,f(X)]
m 6-c "m2+1 1,0 “I\a
T (p) U.LW' u-x| Go,l[ ,e]f(U)dU (2.12)

1
Theorem6. If f(X)e L,(0,0)1<P<2[orf(X)eM,(0,0)and P>2]where Re(a)>T+

,Re(ax —0) > mTH%+é—land|arg(I a) |< 7 then

Re(o) > —é,Re(p) ,mtl

L (oc+a—pB-s)T, (p+p)
r, (0—s+a+p)Fm(p)Fm(a—ﬂ)

MRS, (0] = ML fU)] (2.13)

Proof: Using the Mellin transform of (2.11), we get
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M{R[S 5 (X))} =

_m+l

I|X|'“|X| i |U|Q|X_U|—”2“Gi,lo[

X>0 1—‘m ( ) 0<U<X

g] fU)AU |dx

Changing the order of integration which is permissible under the conditions stated with the theorem, we
obtain

MR, (X)) = - (p) [1lurfwau

Jail

Using the result given by Mathai [5].

‘;;]|X|‘" Y1 x-Ul" 7 dx

Y 1 m+1
ﬁ:|= xp-ul” (2.14)

G x
L, (a-p)

Provided

0<X<I,Re(a—ﬁ)>mT+1,Weget

M{RIEE 5 F(X0]) = -

1 a'—af—,B—m—-‘—1
U 2 fU)YdU

1 prp2t
j|X|”“|X Ul dx

rm( ﬁ)X>U

On evaluating X -integral with the help of the following result
m+1

m+l
I|Xl 2 11— X| 2 dX=rm(5)rm(p) (2.15)
L, (p+6)

For Re(8) > 0, Re(p) >”’T1

We arrive at the required result.

REFERENCES
1. Fox,C.; A formal solution of certain dual integral equations, Trans. Amer. Math. Soc. 119, (1965), 389-395.

Journal for all Subjects : www.lbp.world
10



ON FRACTIONAL INTEGRAL OPERATORS ASSOCIATED WITH ALEPH-FUNCTION FOR......... VOLUME - 8 | ISSUE - 4 | JANUARY - 2019

2. Garding, L.; The solution of Cauchy’s problem for two totally hyperbolic linear differential equation by
means of Reisz integrals, Ann. Of Math. 48(1947), 785-826.

3. Mathai, A.M.; Special function of matrix argument Il, Proc. Nat. Acad. Sci. India 35, Sect. A(1995), 367-393.
4. Mathai, A.M. and Saxena , R.K.; Gneralized Hypergeometric Functions With Applications in Statistics and
Physical Sciences, Spring-verleg, Lecture NotesNo. 348, Heidelberg (1973).

5. Mathai, A.M. and Saxena, R.K.; A generalized probability distribution, Univ. Nac. Tucuman Rev. Ser. A21,
(1978), 193-202.

6. Srivastava,H.M.,Gupta, K.C. and Goyal,S.P.; The H-Functions of One and Two Varibale with
Applications,South Asian Publishers, New Delhi and Madras, (1982).

7. Sudland, N., Baumann, B. and Nonnenmacher, T.F.; Open problem: who knows about the:Aleph( )-
functions? Frac. Calc. Appl. Annl. 1(4),(1998), 401-402.

8. Vyas, A.K.; A study of Zonal polynomials and special functions of the real positive definite symmetric
matrices, Ph. D. Thesis, J.N.V.Univ., Jodhpur (1996).

Journal for all Subjects : www.lbp.world
11



