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ABSTRACT
In the present paper, the author has defined the fractional differintegrations of Aleph X -Function in
association with different functions of one variable. Corollary and some examples are also given.
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1. INTRODUCTION
Definitions of the fractional derivatives and integral of the function of single variable:

(i) Goursat’s theorem (Cauchy’s theorem) for the function of single variable is:

f"(2) = j f(g)mdg (ne NU{0},ze D) (1.1)

Where f(z)is analytic in a domain D, which is surrounded with a piecewise smooth closed Jorden
curve y, inthe ¢ -plane.

(ii) (Derivative). If f(z)is an analytic (regular) function and it has no branch point inside C(={C,C})and

on C, and
o= cf()—r(;”)j f“)mdg (1.2
Tl
F(v+1)(0+)

I G +mydn, (& —z=n) (L3)

§#z,—mLarg({—2)<nm,veZ)

o= cfye) =D j ACH IS (1.4
27i z)
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(0+)

_ F(V—i-'l) J‘ n " f(z+m)dn, (C-z=n) (1.5)

27i
(§ #z,—n<Larg({ —z)<n,veZ)
fo=cf =l f, (neZ'.C={C.C)), (1.6

Where Cand C are integral curves as shown in Fig. 1 and Fig. 2 ( that is Cis a curve along the cut
- . -
joining two points zand —oo+ilim(z), and Cis a curve along the cut joining two points zand
+
w+ilim(z), then f, = .1 (2)={,1.(2), -f. (2)}(v >0)is the fractional derivative of order v of the

function f(z),if f, exists.

B 2z
R et — 3 G+ Imz.
= ¢

Fig. 1 Fig. 2

Definition 2 (Integral). f (v <0)is the fractional integral of order |v |. That is, the derivative of fractional

order —v(v > 0) s the fractional integral of order v(v € R), if f, exists.

Formal unification of derivative and integral of the function of single variable:
If f(z)is the analytic function and it has no branch point inside Cand on C(C ={C,C}), and
-+

/= Cfv(Z)z{gfv(Z)a o/, (2)} (1.7)
Then
derivative forv>0
f,is {original Sforv=0 (1.8)
integral forv<0

For ve R, and

derivative forRe(v)>0
/. is s original forv =0 (1.9)

integral for Re(v)<0
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For veC,if f exists.

And in case of Re(v) =0, f, is only formal differintegration regardless of Im(v)>0or Im(v)<0.
That is, we have no derivative and integral for v =pure imaginary.

Following results will be used:
(i) ([1];p.16, eq.(1))

(e'”z )V =e™a’e™ fora=0(z,veC) (1.10)
(ii) ([1];p.18, eq.(6))

(e”z )V =a"e ™ fora=0(z,veC)

(1.11)
(i) ([1];p.19, eq.(11))
(az)v =(loga)’ @’ for a#0(z,v € C) (112)
(iv) ([1];p.20, eq.(1))
(coshaz) = (—ia)" cosh(az +z§v) for a # 0(z,v € C) (1.13)
(v) ([1];p.20, eq.(2))
(sinhaz) = (~ia)’ sinh(az + i%v) for a # 0(z,v € C) (1.14)
(vi) ([1];p.21, eq.(1))
(cosaz), =(a)’ cos(az +%v) for a # 0(z,v € C) (L.15)
(vii) ([1];p.22, eq.(2))
(sinaz) =(a)’ sin(az +%v) for a # 0(z,v € C) (1.16)
(viii) ([1];p.32, eq.(1))
(logaz), = - ™T(v)z" for a#0(z,v € C) (1.17)
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The Aleph-function given by Sudland et.al.[6] will be represented and defined in the following
manner:

(a/-,ll/- )1,,1 7 (a/'iaa/'i )];H-l.pi

m,n m,n 1
N[Z] =N, [Z] =N (b B L7 (Bji s Bji s :| - 2_mJ‘Z(S)dS (1.18)
L

z
pigir Disqi T |:

where

0(s) - jH:lF(bj—ﬂjs)jH:ll"(l—aj+ajs)

3]

i=1

(1.19)

J=m+l1

9i Pi
IT T(A-b,-p,s) j£1+11"(aﬂ, aﬂs)}

2. MAIN RESULTS
Theorem 1.

(Ne™)) =e ™™ (kz")"R(e™) for k= 0(z,v € C)

\4

Proof: In case of |arg k |<%

ke ke riv+1) N(e'kg)
N =C(N = d
(%), =C(Ne™)), ==~ (Ii(g_z)m ¢

1 jHZlF(bj—ﬁjs)jH:lF(l—aj+ajs)

. (e'kg )'ds

TmL 4i P;
A 11 T(-b,-B,5) 11 T(a,,a,
=F(V+1)J' IZZI:TI {jmﬂ ( Ji ﬂﬂS)j:nH (aﬂ (XJIS)}
2mi C (é/_z)wl

dg

T(v+1)p e
27i l (= d¢

1
—2—7”__!.0(s)ds

=LJ.0(S) e—in'v (kS)V e—kszds =e—i7z'v (kZV )_IN(e_kz)
2miy

T
Case Il. By <|argz |< 7, we have

(Ne™)

v

.
), R e
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TIT(b, = f,5) 1T (1-a, +as)

R | Jiesyas
Vi) e P 7
=F(V+1)J' ;Ti {jl’_nl+lr(1_bji _ﬁjis)jljllﬂr(aji’ajis)} dC
' (-2
L Fv+D, e™ _ i vy lae( ok
- ! O(s)ds 4 —— I(g —d b= ™ (k2 ) IR(€")
T
Caselll. |argz |= 7
kS
), el ) SR D e
| F(b ﬁs)HF(l a,+a;s)
— = (e ") ds
27 { H F(l b,— s) H F(aﬂ,aﬁs)}
F(V + 1) J' dC
: (C Z)v+1
1 T(v+1)p e
"2z ! R l(g e

(put § —z=n,ksn=¢&,0<argn |<27)

(0+)

=L [o(s)ds.(ks) e [ &tetds, p=argk=-T) @21)
27i

L -iZ
we 2

v k2 F(v +1)
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And

((]r 5 (v+1) _‘fdf [J‘ J' J' jf_(v+l)€_§d§

AB CD BC

oy -iZv iy SINTTV 2rie
==2ie 2 sinmV[(—v)e ? =2rmie™”™ ——I'(—v)=

riv+1

From (2.1), we get
- e—in'v (ka )—IN(e—kZ) .

Theorem 2.

(N(e’g))v =T(v+1)(kz")'N(e) for k = 0(z,v € C)

Proof: In case of |arg k |<%

(Ne™)) = (Ne)), F(V;)I N(ek;)ﬂ d¢

C(v+1) I et
27i (& —2)"

=L, j 0(s)ds d¢
2miy

(put £ —z=n,ksn =£,,0<argn |<2x)

=%j0(s)ds.(ks)vek“ F(V“) j ECEGE (p=argh)
Tl T

-iZ
—we 2
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1 v _ksz F(V + 1) “ —-(v+l) =& T
=——|06(s)ds.(k —_— dég, <=
2711.! (s)ds.(ks)"e e _[05 eds, (¢ 2)

04)
For |argk|<%, I EetdE =

—00

27
rv+1

We arrive at the required result.

T
In case of > <largk |< 7, we have

(N(e")) =C(NE))
\4 + \4
By using similar lines we can prove the result easily.

Corollary:
(N(k)) =T +1)(loghz"Y"N(k")for k£ 0(z,v €C)()
Proof: We can write as

(8E)), =(8e™h),

Some Examples:

LA i
(i) N(e™), =¢ 2(522)"N(e ™) =——

; 5z
iNz

(ii) N(e_sz)_l =—?N(e"sz)

2

N(e-ﬁ)

(iii) N(e™), =£N(e3z)

6z

(iv) N(e'“)_l = \/;[_Z N(e™)

2

Jr Jr
N(k), = N(k*) = N(k*
(v) R( )% IVENE (k%) log9> (%)
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N N

(vi) N(lf)_%_21 G N(k? )_log(g) N(k%)
Theorem 3.
NG, =e 7 NG
Case l:If F(V—_ks) < o0, we have then
T(—ks)

N(4), = (N (=), - ”””I NED e

v+1

(0+)
=LJ.0(S)dSM J. u—(v+1)(1+u)lmzlm—vdu’ (¢ =argz)
2rmiy 27i 2,
By putting (C —z=n,n=zu )

1 F(V+l)(0+) —(v+1) ks _ks— U
=—|0(s)ds.— DA +u) 2"V du, (¢ < — 2.2
27[1"[ (s)ds 27mi l ! (+u)"z us(¢ 2) (22

(0+)

j w1+ u)° du

0
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=lim(J. +J. +J. Ju"(””(lJru)'“du (2.3)

p—0
AB  BC CD

(u=re’on AB,u=re**onCD,u = pe” on BC)

0 © 2r
=—[r N ) dr+e ™ [ ) dr +limp [ e dO
0 0 p=0 0
= (e - 1) j j U A+ 1) dr, (Re(v) <0) (2.4)
00
1 =—i2e™ singv =e " _ (2.5)

(v +DI(=v)

T(—v)[(v — ks)

Tk Relks) <Re(v) <0)  (2.6)

And Ir"(v+1)(1 +r)dr=
0

Applying (2.3), (2.6) into (2.4), we have then

(0+)
I u—(v+1) (1+u)k€ du :e—m'v

0

I'(v—ks) 2ni
I'(-ks) T(v+1)

(2.7)

Substituting (2.7) into (2.2), we have then

=e—im/z—v F(V _kS) N(Zk)
['(=ks)
For Re(ks) < Re(v) < 0,|argz |< E’ I'(v —ks) <o,
2| I'(~ks)
Case ll:For Re(ks) < Re(v) < O,Z argz|< 7, I'(v —ks) o
2 I'(—ks)

In the same way, we have
N(), = (8 (2),

(0+)
=LJ.0(S)dSM J. u—(v+1)(1+u)lm Zlm—vdu’ (¢ _ argz)
2miy i 2,
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1 v+ 1)(0+) —(v+1) ks _ks—v 4
=——|0(s)ds.————— | u 1+u)* 2" "du,(—<d<rm
27zi'L|‘ () 2ri l ( )z (2 ¢ )

e ™, Mx(zk)
I(—ks)
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