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Abstract: 
The Navier-Stokes 
equations assume an 
important place in 
describing the flow of 
fluids. These 
equations are derived 
from the principle of 
conservation of linear 
momentum and 
conservation of mass. 
The Navier-Stokes 
equations 111 for an 
incompressible fluid 
are given by 

 
 

where v. is the fluid 
velocity, p is the 
density, µ is the 
coefficient of dynamic 
viscosity of the fluid 
and f is the body force 
per unit mass. The 
Navier-Stokes 
equations are useful 
for a wide range of 
practical problems but 
have some limitations. 
It is difficult to find 
exact solutions in 
many flow problems 
due to the nonlinear 
nature of these 
equations. Instead of 
Navier Stokes 
equations, some 
approximations of 
these equations are 
sometimes used,  

 theory, micro-
organism locomotion 
and many bio-physical 
and geophysical 
subjects. The study of 
Stokes[2] equations 
has always attracted 
researchers due to 
their innumerable 
applications in science 
and industry. 
Unsteady and steady 
Stokes flows have 
been an important 
subject of study for 
mathematicians as 
well as engineers 
leading to an 
interesting 
mathematical theory 
and also a wide variety 
of applications. 
Another area of fluid 
dynamics that has 
drawn considerable 
interest of scientists 
and engineers is the 
flow through porous 
media due to 
numerous applications 
in science and 
industry. The Darcy 
equationst31 and 
Brinkman 
equationst41 are two 
commonly used 
models employed for 
low and high porosity 
systems. The 
Brinkman equations 
can be considered to  

depending on the 
nature of the flows. 
Each flow has a 
characteristic velocity 
U and a spatial 
variation on a length 
scale L. 
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INTRODUCTION : 
The ratio of the 
inertial and viscous 
forces defines a 
dimensionless quantity 
and is termed as the 
Reynolds number and 
is denoted by Re 
where  
 
 
 
When the viscous 
forces are more 
dominant compared to 
the inertial forces, the  

Reynolds number is 
low. In such flows, we 
neglect the nonlinear 
inertial convective 
terms in the Navier 
Stokes equations, 
which result in simpler 
linear equations called 
Stokes equations. 
   
The corresponding 
flows are called 
Stokes flows or 
creeping flows or 
flows at low Reynolds 
number. The physical 
meaning of low 
Reynolds number flow 
or creeping flow is 
that at least one of the 
following holds: (i) 
small length scales (ii) 
high viscous fluids 
(iii) very small 
velocities. The 
hydromechanics of 
low Reynolds number 
flows play a dominant 
role in the study of 
theology, lubrication  
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be a modification of Darcy equations and account for the balance of viscous forces and damping 

forces. In fact, Brinkman equations approximate to the Darcy equations for small values of 

permeability and to the. Stokes equations for large values of permeability. Another approximation 

which is also obtained by a process of linearization of the Navier-Stokes equations, resulting in what 

are known as Oseen equationsf51, is also sometimes used. We briefly describe some aspects of the 

unsteady and steady Stokes equations, Brinkman equations and Oseen equations in the following few 

sections. 

1 Unsteady and Steady Stokes Equations 

Unsteady Stokes equations: 

The equations of motion for the unsteady Stokes flow of an incompressible fluid in 

the absence of any external forces are given by 

               (1.1) 

                                 (1.2) 

We rewrite equation (1.1) as 

                      (1.3) 

where � = (µ/�) is the coefficient of kinematic viscosity. From the above equations (1.1) and 

(1.2), we get the following. 

1. By taking divergence of (1.1) and using equation (1.2), we find that pressure is harmonic. 

2. On operating ∆�on both sides of (1.3), we can verify that any solution V of (1.1) and (1.2) satisfies 

the equation 

                                 (1.4) 

3.On operating Curl on either sides of equation (1.1), we find that the vorticity Cur1V satisfies the 

equation 

                               (1.5) 

Steady Stokes equations: 

The equations of motion for the steady flow of an incompressible, viscous fluid in the 

absence of external forces at low Reynolds number are 
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            (1.6) 

                       (1.7) 

We observe from the equations (1.6) and (1.7) that p and Cur1V are harmonic and V is biharmonic. 

  

2 Brinkman Equations 

Brinkman's equations[4] were originated to estimate the permeability of porous media. The 

Brinkman equations are given by 

              (2.1) 

                                 (2.2) 

where k is the coefficient of permeability of the medium. Let (V, p) be a solution of 

Brinkman equations. It can be observed that p is harmonic and V satisfies the equation 

                             (2.3) 

Where �� =
�

�
 We also note that CurIV satisfies the equation 

                             (2.4) 

3 OSEEN EQUATIONS 

Stokes[2] equations have been studied elaborately by researchers due to their innumerable 

applications in science and industry. It has been observed that the problem of a uniform flow past an 

infinite cylinder cannot be solved exactly. This means no solution to the Stokes equations can be 

found which satisfies the no slip boundary conditions on the surface of the cylinder and also the 

condition of uniform flow at infinity. This is known as the Stokes paradox. This Stokes paradox was 

solved by Oseent51 in 1910. The limitations of Stokes flow in providing a satisfactory explanation of 

Stokes paradox or in, explaining the validity of Stokes equations at sufficiently large -distances from 

an obstacle have prompted Oseen [5] to propose what are now commonly known as ()seen equations. 

It was suggested by him that the inertia terms should be retained -in the far field where the velocity is 

approximately equal to U	
( where U > 0 and 	
 is the unit vector in the fixed z-direction. These 

equations too have been studied extensively. 

The equations governing the steady Oseen [5] flow of an incompressible fluid are given 

by 
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                     (3.1) 

                                        (3.2) 

These equations are obtained by linearizing the Navier-Stokes equations by taking V' = V + 

U	
  and neglecting terms of the second order in the velocity components. We rewrite equation (3.1) 

as 

 

                              (3.3) 

where k = U/2v It can be observed that pressure p is harmonic and V satisfies the equation  

 

                                (3.4) 

We also note that Curl V satisfies the equation 

                                 (3.5) 

We can solve the above stated equations of motion using analytical or numerical methods. 

Few analytical methods are available for solving the above stated equations of motion. Chadwick et 

al. [6] gave a method of representing any divergence free (solenoidal) vec¬tor field V expressed in 

terms of two scalar functions. This representation had been exploited by Padmavathi et al. [7], [8] to 

introduce certain general solutions of Stokes[7] and Brinkman [8] equations. This representation has 

the following advantages: it is simple to use, the scalars can be found very easily for many types of 

fluid flows and the boundary conditions formulated in terms of these scalars are in a very simple 

form. The complexity of the equations is reduced, since these scalar functions satisfy simple partial 

differential equations, whose solutions are in general known. We shall solve the above stated 

equations of motion based on the fact that velocity is divergence free (solenoidal) in them. 

A solution of the equations of motion which is such that every other solution can be obtained 

from it is said to be a complete general solution. In this thesis, we discuss the complete general 

solutions of homogeneous and non-homogeneous unsteady Stokes equations which are suitable for 

boundary value problems dealing with spherical bound¬aries and also discuss some complete 

general solutions of Stokes, Brinkman and Oseen equations which are suitable for discussing flow 

problems dealing with plane boundaries. 
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4 FUNDAMENTAL SOLUTIONS 

The fundamental solution of (1.6) and (1.7) which represents a point force was initially 

obtained by Oseen [5] and was named as 'Stokeslet' by Hancock [14]. The Curl of this fundamental 

solution is called a 'rotlet'. By taking the directional derivatives of these singular solutions, other 

higher order singular solutions can obtained (Chwang and Wu[15]). 

Stokeslet: Consider the non-homogeneous Stokes equations in the presence of an exter¬nal force fs 

(r) 

               (4.1) 

                                   (4.2) 

where r is the position vector. Then the primary fundamental solution is associated with a 

singular point force located at the origin f, = 8���(r),  being a constant vector and �(r) the three 

dimensional Dirac delta-function. We denote the velocity, pressure and vorticity corresponding to 

this solution by Vs, ps and �s given by 

 

                          (4.3) 

                     (4.4) 

                   (4.5) 

Using the expression for Stokeslet we can find [15] expressions for higher order singularities 

Stokes doublet, Stokes quadruple, rotlet, stress-let and potential doublet. 

                   (4:6) 

                       (4.7) 

  (4.8) 

                (4.9) 

  where α, β and γ are constant vectors constituting the pole moments and the suffixes SD and 

S4 are ued to denote the flow quantities of the Stokes doublet and Stokes quadruple respectively. 

The antisymmetric component of a Stokes doublet (with respect to an interchange of α and β) 

is called a rotlet (also called a couplet by Batchelor[1]) and its velocity and pressure are given by 
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                              (4.10), 

                       (4.11)  

The symmetric component of Stokes doublet is called a stresslet. Its velocity and pressure are 

given by 

                 (4.12) 

                    (4.13) 

The velocity and pressure of a potential doublet are given by   

            (4.14) 

                                   (4.15) 

where δ is the doublet strength. 

 

UNSTEADY STOKESLET : 

The fundamental solution of (1.1) and (1.2) which represents a point force given in[16] is 

called as an 'unsteady Stokeslet'. Consider the velocity field due to an unsteady point force Fi located 

at the origin. Then the velocity components for an unsteady Stokeslet in cartesian coordinates are 

given by 

                             (4.16) 

                                     (4.17) 

                                       (4.18) 

                                   (4.19) 

where  
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Oseenlet 

The fundamental solution of (3.1) and (3.2) which represents a point force was obtained by 

Oseen (5] and was named as `Oseenlet'. Consider an Oseenlet due to a point force G	
 located at the 

origin. Then the velocity components for an Oseenlet in cartesian coordinates are[17] 

 

                                          (4.20) 

                                          (4.21) 

                             (4.22) 

where  

                                                  (4.23) 

REFERENCES: 

[1] G.K.Batchelor, An Introduction to Fluid Dynamics, Cambridge, 1993. 

[2] G.G.Stokes, On the theories of internal friction of fluids in motion and the equilib¬rium and 

motion of elastic solids, Trans. Camb. Phil. Soc., Vol. 8, 1845, 287 - 305; On the effect of the 

internal friction on the motions of pendulums, Vol. 9(2), 1851, 8-106. 

[3] H.P.G.Darcy, Les Fontaines Publiques de laVille de Dijon, Paris: Victor Dalmont, 1856. 

[4] H.C.Brinkman, A calculation of the viscous force exerted by a flowing fluid on a dense swarm of 

particles, Appl. Sci. Res., Vol. Al, 1947, 27-34; On the permeability of media consisting of 

closely packed porous particles, Appl. Sci. Res., Vol. Al, 1947, 81-86. 

[5] C.W.Oseen, Hydrodynamic, Leipzig 1927, Akademische Verlag 1927. 

[6] P.Chadwick and E.A. Trowbridge, Elastic wave fields generated by scalar wave func-tions, Proc. 

Camb. Phil. Soc., Vol. 63, 1967, 1177-1187. 



    UNSTEADY AND STEADY STOKES EQUATIONS: FUNDAMENTAL SOLUTIONS …                    Volume - 6 | Issue - 3 | December – 2016 

_________________________________________________________________________________ 

________________________________________________________________________________________ 

Available online at www.lsrj.in 

8 

 

 

[7] B.S.Padmavathi, G.P.Rajasekhar and T.Amaranath, A note on complete general solution of 

Stokes equations, Quart. Jl. Mech. appl. Math., Vol. 51(3), 1998, 383¬388. 

[8] B.S.Padmavathi, T.Amaranath, S.D.Nigam, Stokes flow past a porous sphere using Brinkman's 

Model, ZAMP, Vol. 44(5), 1993, 929-939. 

19]  B. Sri Padmavati, T.Amaranath, A note on decomposition of solenoidal fields. Appl. Math. 

Lett., Vol. 15(7), 2002, 803-805. 

[10] P.M.Naghdi, and C.S.Hsu, On a representation of displacements in linear elasticity in terms of 

three stress functions, J. Math. Mech., Vol. 10(2), 1'61, 233-245. 

[11] H.Faxen, Der Widerstand gegen die Bewegung einer starren Kugel in eine': zahen Fliissigkeit, 

die zwischen zwei parallelen Ebenen Wanden.eingeschlossen ist, Arkiv fur Matematik 

Astronomi Och. Fysik, Vol. 18(29), 1924, 1-52; Der Widerstand gegen die Bewegung einer 

starren Kugel in einer zahen Fliissigkeit, die zwischen zwei paral-lelen Ebenen Wanden 

eingeschlossen ist, Annalen der Physik, Vol. 68, 1922, 89-119. 

 [12] D.Palaniappan, S.D.Nigam and T.Amaranath, A theorem for Stokes flow in the pres-ence of a 

plane boundary, Proceedings of National seminar on recent developments in mathematics, 

Karnataka University, Dharwad, India, 1993, 561'60. 

[13]  H. Lamb, Hydrodynamics, sixth edition, Dover Publications, New York 1945. 

[14] G. J. Hancock, The self propulsion of microscopic organisms through liquids, Proc. Roy. Soc. 

London. Ser.A, Vol. 217, 1953, 96-121. 

[15] Allen T.Chwang and T.Yao-Tsu Wu, Hydromechanics of low Reynolds number Sow, Part 1: 

Rotation of axisymmetric prolate bodies, J. Fluid.Mech., Vol. 63, 1974, 607¬622; Part2: 

Singularity method for Stokes flow, J. Fluid. Mech., Vol. 67(4), 1975, 787-815. 

[16] C. Pozrikidis, Boundary Integral and Singulary Methods for Linearized Viscous Flow, 

Cambridge Press, Cambridge,1992. 

[17] L. Rosenhead, Laminar Boundary Layers, Oxford University Press, Oxford, 1963. 

 


