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1INTRODUCTION.

Otto Steinfeld [17], [18], [19], [20] introduced thmtion of quasi ideals in
rings and semigroups. Quasi ideals are generalimtd both left ideals
and right ideals as well as a particular case ofiéals. S. Lajos [10]

defined a generalization of this notion namely tfm,n)-quasi ideal.

Lajos[11] also characterized the quasi idealsegutar semigroups. Kapp

Semirings in SL+ by their different types of
ideals are studied in [1]. Bourne [4]
introduced the k-regular semirings as a
generalization of regular rings. Further these
semirings have been studied by Sen,
Weinert, Bhuniya, Adhikari [1], [14], [15],
[16]. For any semigroup F, the semiring P(F)
of all subsets of F is a k-regular semiring if
and only if F is a regular semigroup [16].
We have introduced the intra k-regular
semirings as the class of semirings to which
the semiring P(F) belong when F is an intra
regular semiring [3]. Also a semiring S is
intra k-regular if and only if every k-ideal of
S is semiprime.

Rao M. K.[13] defined -semiring as
generalization of semiring and -rings.
Alandkar S. J.[2] studied and characterize
the k-regularT-semirings by their quasi k-
ideals. And studied the notion of quasi k-
ideals in a semiring and characterize the k-
regular semirings using quasi k- ideals. In
this paper we used the quasi k-ideals to
characterize the intra k-regulBr-semirings
and thel -semirings which are intra k-

[8] observed that quasi ideal can also be obtaibgdan absorbant

regular.

semigroup with 0 and evefif -class together with 0. Many authors in [7],

[9], [5] characterized the quasi ideals of diffdrelasses of semigroups and

2. PRELIMINARIES.

semirings. Von Neumann[12] defined a ring R to beulsy if the
multiplicative reduct (R, .) is a regular semigroup

Recall the definitions from[2]

Definition 2.1. - semiring. Let (M, +) and
(T, +) be commutative semigroups. Define
the mapping kT'x M - M (image to be
denoted by (x,0, y)—xay) satisfying the
following conditions:

i) Xay € M,

i) (X+y) 0z = (0z) + (Wwz), X +
Bz = xazt XBz, xufy + z) = oy+
X0z,
ii(xay)pz = xa(ypz), for all x, y, z
€ M and alla, BeT.

Then M is a'- semiring.

EveryT-ring is al- semiring but
every I'-semiring need not be &ring. For
this we consider the following Example.
Example 1. Let M=T = (Z, +) be the
semigroup of all nonzero positive integers.
Define the mapping MT' XM — M (image
to be denoted by (i, y) = xay) where xy
is the usual multiplication of the x, and y
for all x, ye M and alloe I". Then M is d'-
semiring but not a semiring.
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Definition 2.2. Sub-I'-semiring.Let M be al-semiring. A nonempty subset S of M is a gubemiring of M if S itself is &-
semiring with the same operationse§emiring M.
Definition 2.3. Ideal of a I'-semiring. A nonempty subset | of B.semiring M is a left (resp. right) ideal of Mfidr x, y € |
and reM we have x+ye | and nx €l(resp. xir €l), wherea € T. If | is both left as well as right ideal then weyshat | is an
ideal of M.
Example 2. Consider the Example of thE-semiring M followed by the definitiordere | = (2Z, +, T') is an ideal of M
Following are the definitions introduced for gerieettion of algebraic structure semigroups, seridat, semiring, reduct by
considering seff of operations :
Definition 2.4. A band is al'-semigroup in which every element is an idempoténtommutative band is called &
semilattice. Throughout this paper, unless othensiated, M is always B-semiring whose additive reduct id"esemilattice
and the variety of all sudi+semirings is denoted by ML+.
Definition 2.5. A non-empty subset L of Bsemiring M is called a left ideal of M if L +& L and MI'L € L. The right ideals
are defined dually. A subset | of M is called anaidef M if it is both a left and a right ideal of .M\ non-empty subset A is
called an interior ideal of M if A + A2 A and MTAT M < A. A non-empty subset A of M is called semiprimeaf &€ M,
a’=ava € A implies that a€ A.
Definition 2.6. Henriksen [6] defined an ideal (left, right) | ofamiring S to be a k-ideal (left, right) if fora;€e S, a; a + xe
I) X € 1. We extend this concept Iosemiring
We define interior k-ideal similarly.
Definition 2.7. A non-empty subset A of M is called a k-subselF-afemiring M if for xe M, a€ A; x + a€ A implies that x
€EA.
Definition 2.8. The k-closured of a non-empty subset A is given by,

A ={xeS/3 a,beAsuchthatx+a=b}.

This is the smallest k-subset containing A. If A @&He two subsets of M such thatAB then it follows tha#l € B.
Since the additive reduct (M, +) idasemilattice, it follows that an ideal (left, righ€)of M is a k-ideal(left, right) if and only
if K =K.

Definition 2.9. A subT'-semiring Q is called a quasi ideal of M if'l®IN MI'Q € Q. A quasi ideal Q is called a quasi k-ideal
of MifQ=Q.

For examples of quasi k-ideals of'asemiring we would like to explore the following natliconnection between quasi ideals
of aI'-semigroup F and quasi k-ideals of ireemiring P(F) of all subsets of F.

Definition 2.10. Let F be d-semigroup and P(F) be the set of all subsets Biefine addition and multiplication on P(F) by:

U+VvV=UuVand

UrvV={aasb/a€eU;beV,ael}} forallU VvV €P(F),

Then (P(F); +p) , a € T is aI'-semiring whose additive reduct i§'asemilattice. Then we have the following result.
Theorem 2.11 Let F be a semigroup. Then Q is a quasi k-ide& (B} if and only if Q = P(P) for some quasi-ideaffF.[2]
Lemma 2.12. Let S be a semiring. Then for all right k-ideadRd left k-ideal L of S, R L is a quasi k-ideal of S.[2]
Lemma2.13. Let M be a-semiring and & M.

1.Then the principal left k-ideal of M generatedabis given by k(@) = {ue M/ u+a + sa = a + 8a, forsomes M, a €T }.
2.Then the principal right k-ideal of M generatgda is given by ga) ={ueM/u +a + as = a + as,for some € M,
a€eT}

Bourne [3] defi ned &-semiring M to be regular if for eack & there exist x, M such that a +@&oa = atyaa,
fora €T. If aT-semiring M happens to be a ring then the Von Neumragularity and the Bourne regularity are eq@ral
This is not true in &-semiring in general (For counter example we rgf@t). Adhikari, Sen and Weinert [1] renamed the
Bourne regularity of &-semiring as k-regularity to distinguish from thation of Von Neumann regularity.

Definition 2.14. AT-semiring M is called a k-regul&rsemiring if for each & M there exist x, ¥ M such that a +@&aa =
aoyoa,o €I

Since (M, +) is a semilattice,

we have a +@&aa = ayyoa= a + axxaa + (axoa + aryyoa) = axyaa + (axoa +awyaa)

= a+ a(X+y)aa = a(x+ y)oa .

Thus, ar-semiring M is k-regular if and only if for aleaMVl there exists & M such that a +@&oa = axxaa..

Let M be a k-regular-semiring and @ M. Then there exists X M such that a +e&aa = axxaa. Then we have

a + axaa = axxaa = a + axa(a + axxaa) = axa(a + axaa)

= a + axoanxoa = axaaoxaa.
Thus, a-semiring M is k-regular if and only if for all & M there exists x¢ M such that

a + axaaoxaa = axoaoxoa @)

For examples and properties of k-regulasemiring s we refer [2], [14], [15], [16].
We observe that the proof of this result can beergghicantly simpler when tiesemiring M is taken from ML+.
Theorem 2.15.[2] Let M be al'-semiring . Then M is k-regular if and onlyRTL = RNL for any right k-ideal R and left k-
ideal L of M.
Theorem 2.16.[2] Let M be a k-ideal of M if and only if k-regul&rsemiring and A be a non-empty subset of M. Thas A
a quasi A =RTL, where R is a right k-ideal and L is a left k-ide&l M.
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Theorem 2.17.[2] For aI'-semiring M the following conditions are equivéaten
1. Mis k-regular.
2. Q =QI'MI'Q for every quasi k-ideal Q of M.

Theorem 2.18.[2] For aI'-semiring M the following conditions are equivéaten
1. M is k-regular.

2.Q N J =QIJrQq for every quasi k-ideal Q and every k-ideal J of M

3.Q N1 =QrirqQ Q for every quasi k-ideal Q and every interior kadieof M.
Theorem 2.19.[2] For al'-semiring M the following conditions are equivaten
1. Mis k-regular.

2. RNL < RTLfor every right k-ideal R and every left k-ideabE. M.

3. QNL < QTL for every quasi k-ideal Q and every left k-ideafL M.

Theorem 2.20.[2] For al'-semiring M the following conditions are equivaten
1. M is k-regular.

2.Q N Rc RIQfor every quasi k-ideal Q and every right k-ideadRM.
Theorem 2.21.[2] For aI-semiring M, the following conditions are equivate
1. M is k-regular.

2R NQ NLcRIQETL for every right k-ideal R, every quasi k-ideal @lavery left k-ideal L of M.

3. QUASI IDEALSIN INTRA K-REGULAR I'-SEMIRINGS.

In this section we characterize intra-k-regulfasemirings using quasi-k-ideals. For a semigrough&I'-semiring
P(F) is intra k-regular if and only if F is an iatregular semigroup [3]. Again the Theorem 2.2 shitnasthe quasi k-ideals are
natural analogue if-semiring s of the notion of quasi ideals of anggoup. Thus it is natural to extend the results,
characterising the intra regular semigroups by igdasls tol'-semirings.
Definition 3.1. AT-semiring M is called an intra k-regularsemiring if for each & M, a € ', a€ MI'a?I'M. It is easy to
check that & -semiring M is intra k-regular if and only if feach &€ M there exists ¥ M such that

a + XraoaaX €X = Xaazaax €X, @ € I'. Where aa =a? 2)

In the following theorem we characterized the intr@gularl’-semirings by their left and right k-ideals.

Theorem 3.2 ([3]) Let (M, +,I') be al'-semiring . Then the following conditions are eglent:

1. Mis intra k-regular.

2.LN R € LIR for every left k-ideal L and every right k-ideRilof M.

We left it to check to the readers thdt-aemiring M is both k-regular and intra k-regyuf and only if for each & M there
exists z€ M such that a +@zaa®zaa = axzaa?z a,a € I.

Theorem 3.3 For al’-semiring M, the following conditions are equerat:

1. Mis both k-regular and intra k-regular.

2. Q =Q2. for every quasi k-ideal Q of M.

Proof. (1)= (2): Let Q be a quasi k-ideal of M an&&. Since M is both k-regular and intra k-regutaare exists X M
such that a +maaaxaa = axxaa?axaa, a € I'. However axaa € QT MI'Q € QI'M NMI'Q < Q implies that & Q.
Hence QS Q2. Again, since Q is a k-sulb-semiring , it follows tha@?< Q, whence?. € Q. Thus Q %2.

(2)= (1) : LetL and R be a left k-ideal and a rigkitileal of M respectively. Then Q =RL is a quasi k-ideal of M. Then R
NL=(RNL)2 =(RNL)(RNL) € RITLNLIR. Thus M is both k-regular and intra k-regular,Thyeorem 3.6 in [1] and
Theorem 3.2.

Theorem 3.4. For al'’-semiring M, the following conditions are equéesa:

1. Mis k-regular and intra k-regular.

2. PN Q € PIQ for every quasi k-ideals P and Q of M.

3. BN Q < BI'Q for every k-bi-ideal B and every quasi k-ideal Q Mt

4

5

. PNB c PIB for every quasi k-ideal P and every k-bi-ideafBM.
. GNQ < GI'Q for every generalized k-bi-ideal G and every qlasieal Q of M.
6. PN G < PTG for every quasi k-ideal P and every generalizdi-kieal G of M.
Proof. It is clear that (63 (4)= (2) and (5= (3)= (2). So we have to prove (& (6), (1)= (5)and (2= (1).
()= (6) : Let P and G be a quasi k-ideal and a geizethk-bi-ideal of M respectively. Let&a P NG. Since M is both k-
regular and intra k-regular, there existé M, a € I such that a +@arad’ax = axxaaax, by(3). Then axaa € PTM N M
I'P € P and axaa € GTMI'G € G implies that axaa’ax € PI'G and so & PI'G. Thus PN G < PIG.
(1)= (5) :Similarto (1» (6).
(2) =(1) :Let Q be a quasi k-ideal. ThemQ < QI'Q Also QI'Qc Q, since Q is a sub-semi ring and k-set. Thus Q@2 and
so M is both k-regular and intra k-regular, by dtem 3.3.
Theorem 3.5 For al'-semiring M, the following conditions are equerat:
1.M is k-regular and intra k-regular.
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2LNR S€LIRNRIL for every left k-ideal L and every right k-idealdR M.

3.LNQ c LIQNRTL for every left k-ideal L and every quasi k-id€abf M.

4RNQ S RIQ N QIR for every right k-ideal R and every quasi k-id@abf M.

5PN Q € QIP N PIrQ for all quasi k-ideals P and Q of M.

6.QN B c QI'B N BTQ for every quasi k-ideal Q and every k-bi-ideal BMf

7.QN G €QI'G N GrQ for every quasi k-ideal Q and every generalizdu-kleal G of M.

Proof. Itis clear that(7y» (6)= (5)= (4)= (2)and (5= (3)= (2). So we are to prove (3 (7) and (2= (1) only.
(1)= (7): Let G be a two generalized k-bi-ideal and Qulupiasi k -ideal of M. Let@a GNQ. Since M is both k-regular and
intra k-regular, there exists €8 M such that a + ;xaa’axaa = axaa?axoa. This can be writterw € ' ansaa +
(aoxoa)a(aoxaa) = (aoxaa)x(aocxaa). Now axaa € QIMI'Q < QI'MN MI'Q €Q and axaa € G. Thena € I' (aaxaa)
a(aaxaa) EQI'G and (axaa)x(aoxaa) € GI'Q. Thus a QI'G and ac GI'Q. Therefore & QI'GN GI'Q. Hence ®Q < GIQ N
QIG.

(2)= (1) :Let INRCSLTR NRIL. Then INR € LIR and LN R € RIL. Thus M is both k-regular and intra-k-regular by
Theorem 3.6 of [1] and Theorem 3.2.

Theorem 3.6 For al'-semiring M, the following conditions are equivaten

1. M is k-regular and intra k-regular.

2.QN L < QI'LrQfor every quasi k-ideal Q and every left k-ideadfL M.

3.QN R < QI'RI'Q for every quasi k-ideal Q and every right k-ideadfRM.

4.QN P < QI'PIrQ for all quasi k-ideals Q and P of M.

5.QN B < QI'BI'Q for every quasi k-ideal Q and every k-bi-ideal fBM.

6.QN G < QI'GI'Q for every quasi k-ideal Q and every generalized-iieal G of M.

7.BN Q < BIQIQ for every k-bi-ideal B and every quasi k-ideal QM.

8.GN Q S GIQI'G for every generalized k-bi-ideal G and every qlasieal Q of M.

Proof. It is clear that (8 (7)= (4)= (3)and(6)= (5)= (4)= (2). So itis sufficient to prove (& (8), (1)= (6), (3)
= (1) and 2= (1).

= (8) : Let G be a generalize k-bi-ideal and Q beiasgk-ideal of M. Let& GN Q £ M. Since M is both k-regular and
intra k-regular, there exists&M, a € I' such that

a + axxadaxaa = axadaxaa

= a+ axadaxa(a + axadaxaa) = axadaxaa (a + axadaxaa)

= a+ axadaxaa = axadaxadaxaa,a €T

= a+ (axea)(aaxaaxxaa)x(aaxaa) = (axad)x(axxaaxxaa)x(acexaa).

Now (axxaa)eG and (aaxaaaxaa) € QIMI'Q € QI'M N MI'Q € Q. Then (&xaa)x(aaxaaaxaa)x(aaxaa) EGQG. Thus a
€ GI'QI'G. Hence Gh Q < GI'QI'G.

()= (6) : Proceeding as above we can similarly prbe¢ Q" G < GI'QI'G

(2) = (1) : Let L and R be a left k-ideal and a righidkal of M respectively. Then Q =R is a quasi k-ideal of M.
Therefore QL < QI'LI'Q impliesthat RL=RNLNL=(R n L)ITL[(R N L) SRIL['(R n L) <RI(LI'L) < RIL
Similarly RNL=RNLNL=(RNLTILT(RNL) € (RNL)TLIR € RILIR € LIR. Thus LN R € LIRTL NRIL .
Hence M is both k-regular and intra k-regular, yedrem 3.5.

3)= (1) : Similarto (2= (1) .

Theorem 3.7 For al’-semiring (M, +I'), the following conditions are equivalent:

1. Mis k-regular and intra k-regular.

2. QN RN L=QIRIL for every quasi k-ideal Q,every right k-ideal R awery left k-ideal L of M.

Proof. (1)= (2) : Assume that M is a k-regular and intradgularl’-semiring . Let R, Q and L be a right k-ideal,uesj k-
ideal and a left k-ideal of M respectively. Lee@NRNL. Since M is k-regular there existexM such that a+@xadaxaa =
aaxadaxaa, a € I'. This can be written as a#fexa)a(aax)aa = (arxaa)r(axx)aa. Since R is a right k-ideal and Q is a
quasi k-ideal of M, soex € R and axaae QTMTQ € QI'M N MTQ < Q. Thus (axaa)a (aax)aa€ QI'RI'L. Then ac
QI'RTL. Hence QY RN L < QI'RIL.

(2) = (1) : Let L and R be a left k-ideal and a rightlkeal of M respectively. As L and R are also quasieal of M, we have
LNR = RMNRNLES RITRTL € RTL and LNR = LNRNL SLIRTL € LI'R.Thus LN R € RTLNLIR . Hence M is both k-
regular and intra k-regular, by Theorem 3:5.
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