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ABSTRACT 
In the present paper making an appeal to generalized 

multidimensional Lagurre Transform and New multidimensional 
Integral Transform by Chandel and Chauhan [7, 8] and theory of 
generalized multiple hypergeometric functions of several variable 
due to Lauricalla [15], Srivastava-Daoust [17], Exton 
([12],[13]),Chandel [2],Chandel, Gupta ([3],[22]), Karlsson [14], 
Chandel-Vishwakarma ([14],[15]), including multivariable H-
function of Srivastava-Panda ([18],[19]), we introduce 
multidimensional Hermit Transform and we find results involving 
generalized multiple hypergeometric functions of Srivastava and 
Daoust with Hermit Transform. Also we find the results for their 
special cases. 
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INTRODUCTION  

Chandel and Chauhan |7| introduced multidimensional Laguerre transforms defined by 
 

 (1.1)      퐿 ,….,
( , , ) {  } = ( ) ! ( ⋯ ) ( ⋯ )

( ⋯ ) ( ⋯ ) ( )… ( )       
 
        ∫ … ∫ 푒 ( ⋯ )(푥 + ⋯ + 푥 ) 푥 … . 푥 퐿( )(푥 + ⋯ + 푥 ){  }푑푥 … . 푑푥    

 
where Re(β − α − m + γ + ⋯ + γ )>0; m, n are arbitrary positive integers; Re(훾 )>0, j=1,….,n. 
Chandel and Chauhan [7] also introduced another generalized multidimensional Laguerre 

defined as 
 

(1.2)  퐿 ,…., ,….,
( ,…, ; ,… ; ){  } = 퐾

(−1) 푛 ! Γ(훾 − 훽 − 휂 )
Γ(훾 − 훽 )Γ(훾 )

… 푒 ∑ ( ⋯ ) 
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           훼 푥 + ⋯ + 훼 푥 퐿 (훼 푥 + ⋯ + 훼 푥 ) {  }푑푥 … 푑푥  

 
where Re(훾 )>0; Re (훾 − 훽 − 휂 )>0, 휂 ∈ 푁; 푗  1 … . 푚 
 
and 
 

(1.3)       퐾 =

훼 훼 … 훼
훼 훼 … 훼
… … … …
훼 훼 … 훼

   ≠ 0. 

 
          They presented their applications to the theory of generalized multiple hypergeometric functions 
of several variables due to Lauricella [15], Srivastava-Daoust [17], including multivariable H-function of 
srivastava and Panda ([18],[19]; also see [20].p.251). 

 Further Chandel and Chauhan [8] introduced a new multidimensional integral 
transform defined by 

 
  (1.4)    푅 ,…

( , )  {  } = ( ⋯ ) ( / ⋯ )
( )… ( ) ( ⋯ )

  
 
            

⋯

( ⋯ )
∫ … ∫ (푥 + ⋯ + 푥 ) (1 + 푥 + ⋯ + 푥 ) /    

 
      [(푥 + ⋯ + 푥 ) / + (1 + 푥 + ⋯ + 푥 ) / ] 푥 … 푥 {  }푑푥 … 푑푥 . 
 
where 0<Re(a+훼 + ⋯ + 훼 )<1/2 – Re(b), Re(훼 )>0, i=1…….n ; 
 
     and presented its certain interesting applications to the theory of generalized multiple 

hypergeometric function of several variables due to Lauricella [15], Srivastava-Daoust [17], Exton([12], 
[13]), Chandel [2], Chandel-Gupta [3], Gupta and Chandel [22], Karlsson [14], Chandel-Vishwakarma 
([4],[5],[6]) including multivariable H-function of Srivastava-Panda ([18],[19]). 

We also see Chandel and Kumar [9] and studied some multidimensional integral transforms 
involving Srivastava and Panda’s H-function of several variables ([18],[19]). 

We also see Chandel and Kumar [10], we introduced and studied generalized multidimensional 
Laguerre transforms. 

 Motivated by above work, we introduce multidimensional Hermite transform defined by 
 

   (1.5)   퐻 ,…,
, {  } =

( ⋯ ) ( ⋯ )

( )… ( )√ ⋯  
 
      

( ⋯ )
∫ … ∫ (푧 + ⋯ + 푧 ) 푒 ( ⋯ )  

 
             푧 … 푧 퐻 (푧 + ⋯ + 푧 ){  }푑푧 … 푑푧  
 
 where ρ = 0, 1, 2,…; Re ρ − 푣 + 1 + ⋯  >0 and 훼 + ⋯ + 훼  is an even positive integer 

and present its certain interesting applications to the theory of generalized multiple hypergeometric 
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functions of several variables due to Lauricella [7] and Srivastava-Daoust ([17]; also see [21] p.64) 
including multivariable H-function of Srivastava and Panda ([18],[19]; also see [20], p.251). We also 
discuss their interesting special cases. 
 
2. A Multidimensional Integral. Chandel [1] gave a generalization of the result ([11], p.117) 
 

(2.1)        ∫ ∫ 푓(푥 + 푦)푥 푦 푑푥푑푦 = ( ) ( )
( )

 ∫ 푓(푡)푡 푑푡 
 
 where Re(α) >0, Re(β) >0, in the form 
 
(2.2)        ∫ … ∫ 푓(푥 + ⋯ + 푥 )푥 … 푥 푑푥 … 푑푥   
 
          = ∏ ( )

(∑ ( ))
 ∫ 푓(푡)푡 ⋯ 푑푡, 

 
where Re(훼 ) > 0, j = 1,…,n. 
 
To introduce multidimensional Hermite transform, here in this section, we prove following 

extension of (2.2). 
 
(2.3)       ∫ … ∫ 푓(푥 + ⋯ + 푥 )푥 … 푥 푑푥 … 푑푥  
 
             = ∏ ( )

(∑ ( ))
 ∫ 푓(푡)푡 ⋯ 푑푡, 

 
 where Re(훼 ) > 0, j = 1,…,n. 
 
Proof. It is just the Lioville’s extension of Dirichlet’s theorem. By Disichlet integral 
 
             퐼 = ∫ … ∫ 푥 … 푥 푑푥 … 푑푥 =

∏ ( ) ⋯

( ∑ ( ))
 , 

 
where 푥 + ⋯ + 푥 ≤ ℎ. 
 
Thus if 푥 + ⋯ + 푥 ≤ ℎ + 훿ℎ, 
 
           퐼 = ∏ ( )( ) ⋯

( ∑ ( ))
. 

 
Thus if  
 
                  ℎ ≤ 푥 + ⋯ + 푥 ≤ ℎ + 훿ℎ, 
 
       the value of the integral 
 
         =  ∑ ( )

( ∑ ( ))
 {(ℎ + 훿ℎ) ⋯ − ℎ ⋯ } 

 
         =   ∏ ( )

(∑ ( ))
 ℎ ⋯ 훿ℎ       (to the first order of approximation).  
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Again taking 푥 + ⋯ + 푥 = ℎ+∈, we have 
 
              푓(푥 + ⋯ + 푥 ) = 푓(ℎ+∈) = 푓(ℎ)+∈ 푓 (ℎ) + ⋯ 
 
That is  
 
            훿ℎ 푓(ℎ+∈) = 훿ℎ 푓(ℎ)                (to the first order of approximation). 
 
Hence the value of 푓(푥 + ⋯ + 푥 ) can be taken to be 푓(ℎ) through out. 
 
Thus in small interval 훿ℎ, the integral 
 
            퐼 = ∫ … ∫ 푓(푥 + ⋯ + 푥 )푥 … 푥 푑푥 … 푑푥    
 
  = ∏ ( )

(∑ ( ))
 푓(ℎ)ℎ ⋯ 훿ℎ 

 
     hence for ℎ ≤ 푥 + ⋯ + 푥 ≤ ℎ   
 
   퐼 = ∏ ( )

(∑ ( ))
 ∫ 푓(ℎ)ℎ ⋯ 푑ℎ. 

 
    If ℎ → −∞ and ℎ → ∞, we obtain (2.3). 
 

3. Multidimensional Hermite Transform. Making an appeal to the result (2.3),we can write  
 
(3.1)      ∫ … ∫ (푧 + ⋯ + 푧 ) 푒 ( ⋯ ) 푧 … 푧   
 
    퐻 (푧 + ⋯ + 푧 )푑푧 … 푑푧    
 
            = ∏ ( )

(∑ ( ))
 ∫ 푡 ⋯ 푒 퐻 (푡)푑푡 , 

 
where 퐻 (푧) are Hermite polynomials  
 
Now applying orthogonal property of Hermite polynomials due to Rainville [16] 
 
 (3.2)   ∫ 푧 푒 퐻 (푧)푑푧 = √ ( ) ( )

( )
 ,         휌 = 0,1,2, …    

 
we get  
 
 (3.3)   ∫ … ∫ (푧 + ⋯ + 푧 ) 푒 ( ⋯ ) 푧 … 푧   
 
  퐻 (푧 + ⋯ + 푧 )푑푧 … 푑푧    
 
= ∏ ( )

∑

⋯ ( ⋯ )
⋯  , 

 
where 휌 = 0,1,2, …; Re 휌 − 푣 + 1 + ⋯ > 0; 훼 + ⋯ + 훼  is an even positive integer, 
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which for brevity suggests to introduce multidimensional Hermite operator 퐻 ⋯
, {  } 

defined in (1.5) to derive multidimensional Hermite transforms involving different multiple 
hypergeometric functions of several variables. 

It is quite clear that 
 
(3.4)    퐻 ,…,

, {1} = 1, 
 
(3.5)     퐻 ,…,

, 푧 … 푧 (푧 + ⋯ + 푧 ) ⋯  
 

             =
( ) …( ) ( ⋯ ) ( ⋯ )

( ⋯ ) ⋯
⋯

⋯

 

 
and 
 
(3.6)       퐻 ,…,

, 푧 … 푧 (푧 + ⋯ + 푧 ) ⋯  
 

     =
( ) ⋯ ( ) ( ) …( )

( ⋯ ) ⋯
 

 
       

( ⋯ )( ) ⋯ ( )
⋯

( )/ ⋯ (( )/ )

 

 
provide that 휌 = 0,1,2, … ; Re 휌 − 푣 + 1 + ⋯ > 0 and 훼 + ⋯ + 훼  is an even positive 

integer. 
 
4. Result Involving Most Generalized Multiple Hypergeometric Function of Srivastava and 
Daoust. In this section, making an appeal to (3.6), we derive  
 

(4.1)  퐻 ,…,
, 퐹 : ;…; ( )

: ;…; ( ) (푎): θ , … , θ( ) : [(푏 ): ф ]; … ; 푏( ) : ф( ) ;
(푐): Ψ , … , Ψ( ) : [(푑 ): 훿 ]; … ; 푑( ) : 훿( ) ;

   푦 푧 (푧 +

                … + 푧 ) , … , 푦 푧 (푧 + 푧 )  

 

   = 퐹 : ;…; ( )
: ;…; ( )

 (
(푎): 휃 , … , 휃( ) ,
(c): Ψ , … , Ψ( ) , [훼 + ⋯ + 훼  : 휎 , … , 휎 ],

 

 
[1 + 2ρ + 훼 + ⋯ + 훼 : 휎 + 휂 , … , 휎 + 휂 ]: [(푏 ): ф ], [훼 , 휎 ]

휌 − 푣 + 1 +
훼 + ⋯ + 훼

2
:

휂 + 휎
2

…
휂 + 휎

2
: [(푑 ): 훿 ]

 

 

  
, … , 푏( ) : ф( ) , [훼 : 휎 ];
; … ; 푑( ) : 훿( ) ;

2 푦 , … , 2 푦  ) 

 
provided that ρ = 0,1,2, … ;  Re 휌 − 푣 + 1 + ⋯ > 0 푎푛푑 훼 + ⋯ + 훼  

is an even positive integer and 
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              1 −
휎 + 휂

2
+ 훹( ) + 훿( )

( )

− 훿( ) − ф( ) > 0. 

 
5. Result Involving Other Multiple Hypergeometric Functions.   
Making an appeal to (3.5), we derive 
 
(5.1) 퐻 ,…,

, {1F1 휌 − 푣 + 1 + ⋯ ;  휌 + ⋯ ; (푢 푧 + ⋯ + 푢 푧 )(푧 +              … + 푧 ) } 
 
    = 퐹( ) 휌 + 1 + ⋯ , 훼 , … , 훼 ; 훼 + ⋯ + 훼 ; 4푢 , … , 4푢  
 

where  ρ = 0,1,2, … ;  Re 휌 − 푣 + 1 + ⋯ > 0 푎푛푑 훼 + ⋯ + 훼  is an even positive integers; 
|푢 | < , 푖 = 1, … , 푛 and 퐹( ) is Lauricella’s multiple hypergeometric function [15].  
 
(5.2)   퐻 ,…,

, {1F1 휌 − 푣 + 1 + ⋯ ;  휌 + 1 + ⋯ ; (푢 푧 + ⋯ + 푢 푧 )(푧 +             … + 푧 ) }  
 

        = 퐹( ) 휌 + ⋯ , 훼 , … , 훼 ; 훼 + ⋯ + 훼 ; 4푢 , … , 4푢  

 
valid if all conditions of (5.1) are satisfied 
 
 (5.3) 퐻 ,…,

, {1F1 훼 + ⋯ + 훼 ;  휌 + ⋯ ; (푢 푧 + ⋯ + 푢 푧 )(푧 + ⋯ + 푧 ) } 
 

         = 퐹( ) 휌 + 1 + ⋯ , 훼 , … , 훼 ; 휌 − 푣 + 1 + ⋯ ; 4푢 , … , 4푢  

 
provided that all conditions of (5.1) hold true. 
 
(5.4)퐻 ,…,

, {1F1 훼 + ⋯ + 훼 ;  휌 + 1 + ⋯ ; (푢 푧 + ⋯ + 푢 푧 )(푧 + ⋯ + 푧 ) } 
 

    = 퐹( ) 휌 + ⋯ , 훼 , … , 훼 ; 휌 − 푣 + 1 + ⋯ ; 4푢 , … , 4푢 , 

 
 where all conditions of (5.1) are satisfied. 
 
(5.5)   퐻 ,…,

, {1F2 훼 + ⋯ + 훼 ;  휌 + ⋯ , 휌 + 1 + ⋯ ; (푢 푧 + ⋯ +                푢 푧 )(푧 + ⋯ +

푧 ) } 

 
        = ф( ) 훼 , … , 훼 ; 휌 − 푣 + 1 + ⋯ ; 4푢 , … , 4푢 , 
 

provided that  ρ = 0,1,2, … ;  Re 휌 − 푣 + 1 + (훼 + ⋯ + 훼 ) > 0, 훼 + ⋯ + 훼  is an even positive 
integers. 
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(5.6)   퐻 ,…,
, { 1F2 휌 − 푣 + 1 + ⋯ ;  휌 + ⋯ ; 휌 + 1 + ⋯ ; (푢 푧 +             … +

  푢 푧 )(푧 + ⋯ + 푧 ) } 
 
        = ф( )(훼 , … , 훼 ; 훼 + ⋯ + 훼 ; 4푢 , … , 4푢 ), 
 
where all conditions of (5.5) are satisfied. 
 
(5.7)        퐻 ,…,

, { 2F2 훼 + ⋯ + 훼 ;  휌 − 푣 + 1 + ⋯ ; 휌 + ⋯ ;   휌 + 1 +

                 ⋯ ; (푢 푧 + ⋯ + 푢 푧 )(푧 + ⋯ + 푧 ) } 
 
         = (1 − 4푢 ) … (1 − 4푢 )  
 
      provided that ρ = 0,1,2, … ;  Re(휌 − 푣 + 1 + (훼 + ⋯ + 훼 )/2) > 0, 훼 + ⋯ + 훼  is an even positive 
integers while |푢 |<1/4,…, |푢 |<1/4. 
 
   (5.8) 
퐻 ,…,

, { 2F3 훼 + ⋯ + 훼 ;  휌 − 푣 + 1 + ⋯ ; 푎, 휌 + ⋯ ;  휌 + 1 +                   ⋯ ; (푢 푧 +

⋯ +  푢 푧 )(푧 + ⋯ + 푧 ) } 
 
            = ф( )(훼 , … , 훼 ; 푎; 4푢 , … , 4푢 ),    
 
where ρ = 0,1,2, … ;  Re(휌 − 푣 + 1 + (훼 + ⋯ + 훼 )/2) > 0, 훼 + ⋯ + 훼  is an even positive integer and 
ф( ) is Lauricell’a confluent hypergeometric function [15]. 
 
6. Special Case. When ρ = ⋯ − 1. 
 
It is clear 
 

(6.1)     퐻 ,…,

⋯ ,
{(푢 푧 ) … (푢 푧 ) (푧 + ⋯ + 푧 ) ⋯ } 

 

  =
⋯

⋯
( ) …( ) ( ) …( )

( ⋯ ) ⋯
. 

 
 which further suggests that  
 

 (6.2)     퐻 ,…,

⋯ ,
{exp [(푢 푧 + ⋯ + 푢 푧 )(푧 + ⋯ + 푧 )]} 

 

= 퐹( ) 훼 + ⋯ + 훼 − 1
2

, 훼 , … , 훼 ; 훼 + ⋯ + 훼 ; 4푢 , … , 4푢  

 
provided that 훼 + ⋯ + 훼 is an even positive integer and |푢 | < ;           푖 = 1, … , 푛.    
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     (6.3)   퐻 ,…,

⋯ ,
Ψ( ) 훼 + ⋯ + 훼 − 푣; 푐 , … , 푐 ;  푢 푧 (푧 + ⋯ +                      푧 ), … . , 푢 푧 (푧 +

⋯ + 푧 )  
 
             = 퐹( ) ⋯ , 훼 , … , 훼 ; 푐 , … , 푐 ; 4푢 , … , 4푢  

 
where 훼 + ⋯ + 훼  is an every positive integer and |푢 |+…+|푢 |<1/4. 
 

(6.4) 퐻 ,…,

⋯ ,
Ψ( ) 푎; 훼 , … , 훼 ; 푢 푧 (푧 + ⋯ + 푧 ), … . , 푢 푧 (푧 + ⋯ + 푧 )    

 

          =
(푎) ⋯

⋯

⋯

(훼 + ⋯ + 훼 − 푣) ⋯,…,

(4푢 ) … (4푢 )  

 
  
        =2F1 푎, ⋯ , 훼 + ⋯ + 훼 − 푣; 4(푢 + ⋯ + 푢 ) , 
 
provided that 훼 + ⋯ + 훼  is every positive integer and |푢 +…+푢 |<1/4. 
 

(6.5)     퐻 ,…,

⋯ ,
Ψ( ) 훼 + ⋯ + 훼 − 푣; 훼 , … , 훼 ; 푢 푧 (푧 + ⋯ +                 푧 ), … . ,  푢 푧 (푧 + ⋯ +

푧 )  
 

           = [1 − 4(푢 + ⋯ + 푢 )]
( ⋯ )

, 
 
valid if 훼 + ⋯ + 훼  is an even positive integer and |푢 +…+푢 |<1/4. 
 

(6.6)  퐻 ,…,

⋯ ,
ф( ) 푏 , … , 푏 ; ⋯ ; 푢 푧 (푧  + ⋯ + 푧 ), … . , 푢 푧 (푧 +           … + 푧 )  

 
         = 퐹( )(푏 , … , 푏 , 훼 , … , 훼 ; 훼 + ⋯ + 훼 − 푣; 4푢 , … , 4푢 ) 
 
where 훼 + ⋯ + 훼  is an even positive integer and |푢 |<1/4. 푖 = 1, … , 푛. 
 
Here 퐹( ), 퐹( ), 퐹( )are Lauricella’s multiple hypergeometric function [15] and ф( ), Ψ( ) are their 
confluent forms. 
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