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ABSTRACT 

In this paper, we consider a k-unit parallel system with component 
lifetime distribution is Gumbel. Based on progressively Type-II censored 
sample, the maximum likelihood estimator (MLE) of the parameter of 
Gumbel distribution is derived. An approximate β-expectation tolerance 
interval (TI) is constructed. In order to compare the performance of the 
tolerance interval, we conduct simulation experiment.  
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1. INTRODUCTION- 
In life testing experiments, it is impossible to observe lifetimes of all the units because of time limits 

and other restrictions.  In such a situation, censoring is a common practice.  Broadly censoring is classified 
into two types; Type-I and Type-II censoring. 

Type-II censoring depends on number of failures. That is, experiment continues up to the pre-
specified number of failures. For example, in life testing experiment, suppose n units are placed on test and 
the test is terminated at the failure time of the mth (m ≤ n) unit instead of continuing until all n units to fail. 
In case of Type-II censoring, the number of observations with exact lifetimes is fixed.  

In conventional Type-II censoring, all the remaining survived units are removed from the experiment 
at termination point. In progressive censoring scheme, some survived units may be removed at different 
stages rather than the final termination point only. Progressive censoring scheme is applied in both Type-I 
and Type-II censoring scheme.  

In progressive type-II censoring scheme, suppose n units are put on test and we observe only m 
units. The number m and R1, R2,….,Rm are specified prior to the test. Since ∑ ܴ


ୀଵ = ݊ − ݉.   At the time of 

first failure R1 units are removed from remaining n-1 units. At the time of second failure R2 units are 
removed from remaining n-2- R1 units and so on. At the mth failure all remaining Rm units are removed from 
the experiment. Here, we observe failure time of m units and remaining n-m units are removed from the 
experiment at different stages of experiment. In conventional Type-II censoring scheme R1=R2=……= Rm-1=0 
and Rm= n-m. In this paper, we consider the progressive Type-II censoring scheme for estimation purpose. 

Progressive Type-II censoring scheme for various lifetime distributions is discussed in various articles. 
Cohen (1963) studied MLE of the parameters of exponential and normal distribution for progressively Type-II 
censored samples. Mann (1969, 1971) considered estimation on Weibull distribution with progressive 
censored samples. Balakrishnan et. al. (2003, 2004) discussed inference for Gaussian and extreme value 
distribution under progressive Type-II censoring scheme. Ng (2005) studied parameter estimation for 
modified Weibull distribution for progressive Type-II censored samples. Balakrishnan and Aggarwala (2000) 
gave details about progressive Type-II censoring scheme. 
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Pradhan (2007) considered point and interval estimation of a k-unit parallel system based on 
progressive Type-II censoring scheme with exponential distribution as the component lifetime distribution. 
Chein and Balakrishnan (2011) studied consistency and asymptotic normality of maximum likelihood 
estimator (MLE) based on progressive Type-II censored samples. Potdar and Shirke (2014) discussed 
inference for the scale family of lifetime distributions based on progressively censored data.  

In this article, we discuss estimation of the parameter of a k-unit parallel system based on 
progressive Type-II censoring scheme with Gumbel distribution as the component life distribution. 
Estimation of parameter is based on the lifetimes of the system. We study tolerance interval (TI) for the 
lifetime of system, on the lines of Kumbhar and Shirke (2004). 

MLE has important properties like consistency, uniqueness, invariance etc. MLE is also function of 
sufficient statistic. Therefore, we used maximum likelihood estimation method to estimate parameter and 
function involved in the model. This estimation procedure is discussed in Section 2. β-expectation TI derived 
in Section 3. To investigate performance of procedure, simulation study is carried out in Section 4. Also, we 
compare simulated and approximate expected coverage.  Finally, conclusions are reported in Section 5.   
 
2. ESTIMATION – 

Consider Gumbel distribution with location parameter µ= 0 and scale parameter 1/λ. The probability 
density function (pdf) ݃(ݔ; ;ݔ)ܩ  and cumulative density function (cdf) (ߣ   ,are respectively given by (ߣ

 
;ݔ)݃ (ߣ = ఒ௫ି݁ߣ  −          ൫−݁ିఒ௫൯ݔ݁ ∞ < ݔ <  ∞, ߣ > 0.                           (1) 
;ݔ)ܩ (ߣ = exp൫−݁ିఒ௫൯                          − ∞ < ݔ <  ∞, ߣ > 0.                         (2) 
 
Consider k-unit parallel system with independent and identically distributed components. Let X1, 

X2,….., Xk be the lifetimes, where Xi is the lifetime of the ith component having pdf ݃(ݔ;  Lifetime of the .(ߣ
system X= max(X1, X2, …. , Xk). The cdf and pdf of X is 

 
;ݔ)ܨ (ߣ = [exp൫−݁ିఒ௫൯ ]                             − ∞ < ݔ <  ∞, ߣ > 0,                  (3) 
;ݔ)݂ (ߣ = ߣ݇  [exp൫−݁ିఒ௫൯ ]  ݁ିఒ௫           − ∞ < ݔ <  ∞, ߣ > 0.                    (4)  
 
Suppose n observations are taken on the system. Let x(1), x(2), ……. , x(n) be the order statistics from a 

progressively type-II censored sample of size n with (R1, R2,..., Rm) progressive censoring scheme. The 
likelihood function is  

 

(ߣ|ݔ)ܮ = ܥ ෑ ()ݔ)݂



ୀଵ

; 1] (ߣ − ;()ݔ൫ܨ ൯]ோߣ , where ܥ = ݊ ෑ ቌ݊ − ݆ −  ܴ



ୀଵ

ቍ
ିଵ

ୀଵ

 

(ߣ|ݔ)ܮ = ܥ ෑ ߣ݇  [exp൫−݁ିఒ௫()൯ ]  ݁ିఒ௫()



ୀଵ

 ൛1 − ൟோ[ (ఒ௫()ି݁−)ݔ݁]                  (5) 

 
Differentiating log-likelihood function with respect to λ and equate it to zero, we get  

 

ܮ݈݃݀
ߣ݀

=
݉
ߣ

−  ()ݔ



ୀଵ

+   ()ݕ()ݔ



ୀଵ

− ݇  ܴݔ()
[exp൫−ݕ() ൯]ݕ() 

1 − [exp൫−ݕ() ൯]



ୀଵ

= 0,              (6) 

 
where ݕ() = ݁ିఒ௫()  
To compute MLE of λ, we have to solve equation (6) for λ. But, solution of this equation for λ is not in 

closed form; therefore, we use Newton-Raphson method for obtaining MLE. Least square estimate is used as 
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an initial value of λ into the Newton-Raphson method. Ng (2005) discussed estimation of model parameters 
of modified Weibull distribution based on progressively Type-II censored data where the empirical 
distribution function is computed as (see Meeker and Escober 1998) 

 

൯()ݔ൫ܨ = 1 − ෑ(1 − ̂



ୀଵ

), 

̂  ℎݐ݅ݓ =
1

݊ − ∑ ܴିଵ − ݆ + 1
ୀଶ

݆ ݎ݂  = 1,2, … , ݉ 

 
             The estimate of the parameters can be obtained by least squares fit of simple linear regression  

 
yi=βx(i)    with β= -λ 

ݕ   = log ൜− ଵ
୩

log 
൫୶(షభ)൯ା൫୶()൯

ଶ
൨ൠ                for  i=1,2,…..,m                            

ܨ  ൫ݔ()൯ = 0 
 
The least square estimate of λ is given by 
 

መߣ  = −
∑ ௫()௬


సభ
∑ ௫()

మ
సభ

                                                                                                            (7) 

 
For simulation study, we use ߣመ  as an initial value into the Newton-Raphson method to obtain MLE. 

 
3. TOLERANCE INTERVALS – 

Kumbhar and Shirke (2004) derived the expression for β-expectation TI for the lifetime distribution 
of a k-unit parallel system with component life as exponential distribution. They investigate the performance 
of the TI based on complete data. Pradhan (2007) studied the performance of the TI based on progressively 
Type-II censored data from exponential distribution. We study the performance of the TI based on 
progressively Type-II censored data from Gumbel distribution. Let ݈ఉ(ߣ) be the lower quantile of order β of 
the distribution function F(x; λ). Then, we have  

 

݈ఉ(ߣ) =  − ଵ
ఒ

log ቂ− ଵ
୩

log(β)ቃ                   

                                                                
Thus, an upper β-expectation tolerance interval for F(x; λ) is obtained by  
 

ఉܫ = ቀ0,  ݈ఉ(ߣ)ቁ                   

                                                                                 
The maximum likelihood estimate of  ݈ఉ(ߣ) is given by 
 

݈ఉ൫ߣመ൯ =  − ଵ
ఒ

log ቂ− ଵ
୩

log(β)ቃ      

                                                                        
yielding the approximate β- expectation tolerance interval 
 

መఉܫ = ቀ0,  ݈ఉ൫ߣመ൯ቁ                           
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The expectation of  ܫመఉ can be obtained approximately by using the approach suggested below. 
 

;መ൯ߣఉ൫݈)ܨൣܧ ൧ߣ ≈ ߚ − . መ൯ߣଶ൫ߪଶܨ5 + ிబభఙమ൫ఒ൯ிభభ
ிభబ

,                                                  (8) 

 

ଵܨ ݁ݎℎ݁ݓ =
ܨ߲
,ݔ߲

, ଵܨ =
ܨ߲
,ߣ߲

, ଵଵܨ =
߲ଶܨ

,ߣ߲ݔ߲
, ଶܨ =

߲ଶܨ
,ଶߣ߲

 

ଵܨ  = ଵܨ    ,[(݃−) exp]݃݇ߣ  =  ,[(݃−) exp]݃ݔߣ 
ଵଵܨ  =  ݇݃[exp (−݃)][݃݇ݐ − ݐ + ଶܨ   ݀݊ܽ    ,[1 = ݃݇]ଶ݃[exp (−݃)]ݔ݇  − 1]. 
 
The derivatives of F are all evaluated at   x = ݈ఉ(ߣ) with ߣ =   መߣ 
 

;መ൯ߣఉ൫݈)ܨൣܧ ൧ߣ ≈ ߚ + .ହ௧[ୣ୶୮(ି)]ೖఙమ൫ఒ൯(௧ି௧ିଶ)
ఒమ ,                                                 (9) 

 

where, t =  λx =  −log ቂ− ଵ
୩

log(β)ቃ and g = e–t. Instead of the actual value of ߪଶ൫ߣመ൯ we use its 

estimate.  
 
4. SIMULATION STUDY – 

The expectations of the β- expectation TIs are studied by using simulation. Balkrishnan and Sandhu 
(1995) presented algorithm for generating samples from progressively Type-II censored scheme. Use this 
algorithm to generate samples from lifetime distribution of k-unit parallel system where each component 
has Gumbel distribution. 

Algorithm – 
1. Generate i.i.d. observations (W1, W2, …, Wm) from U(0, 1). 
2. For (R1, R2,…, Rm) censoring scheme, set Ei=1/(i+Rm+Rm-1++Rm-i+1) for i=1,2,..,m. 
3. Set Vi= Wi

Ei for i=1,2, ….. , m.  
4. Set  Ui= 1–  (Vm Vm-1 ….. Vm-i+1) for i=1,2, ….. , m. Then (U1, U2, …… , Um) is the progressively Type-II 

censored sample from U(0, 1). 

5. For given values of the parameter λ, set ݔ() = − ଵ
ఒ

log ቂ− ଵ
୩

log (U୧)ቃ for i=1,2,…, m. 

Then (x(1), x(2), …… , x(m)) is the required progressively Type-II censored sample from the distribution 
of a k-unit parallel system with Gumbel distribution as the component life distribution. For simulation study, 
we consider 40 different progressively Type-II censored schemes. The simulation study is performed with the 
following. 

 In Table 1-2, scheme (a, b) stands for R1= a and R2=b. Similar meaning holds for schemes described 
through completely specified vector, while scheme (10, 4*0) means R1=10 and rest four Ri’s are zero. 
i.e. R2=R3=R4=R5=0. 

 The simulation was carried out for 3-unit and 5-unit parallel system (i.e. k=3, k=5) with λ=0.5. 
Newton-Raphson method is used to compute MLE.  

 By replacing λ and ߪଶ൫ߣመ൯ by their respective estimates ߣመ ܽ݊݀ ߪොଶ൫ߣመ൯, the expectations of the 
approximate β–expectation TIs were calculated and compared with the simulation results. 

 For each particular progressive censoring scheme, 10,000 sets of observations were generated. The 
simulated mean coverage and the estimated expectation of the TI are given in Tables 1 and 2 for k=3 
and k=5 respectively. 
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Table 1:  Simulated mean and estimated expectation of the approximate 
β– expectation tolerance interval for k=3 and λ=0.5 
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Table 2: Simulated mean and estimated expectation of the approximate β– expectation  
tolerance interval for k=5 and λ=0.5 

 
  

5. CONCLUSIONS – 
Results of simulation study shows that simulated mean of the coverage increase as sample size n and 

effective sample size m increase. The estimated expectation of the coverage of the approximate expectation 
TI shows satisfactory results for large n. Simulated mean and estimated expectation of the coverage increase 
as number of units k in parallel system increases. For k=3, simulated mean have better coverage for 
progressive censoring scheme, whereas for k=5, simulated mean have better coverage for conventional 
censoring scheme, for small sample size.   Overall both conventional Type-II censoring scheme and 
progressive Type-II censoring scheme gives better result.   
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