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§ 1: INTRODUCTION 

Integral inequalities involving functions and their derivatives have been established by many authors 
in the literature during the past several years, see [3,4]. This paper is concerned with two theorems through 
which some new integral inequalities are introduced. One of them, in special case gives an existing inequality 
(1.1) which has been established in a book by Hardy, Littlewood and Polya [3, chapter VII, Theorem 254]. 

 
The existing inequality is: 
If µ > (0)ݕ ,4 = (1)ݕ ,0 = 1 and ݕ ′ ∈  ଶ(0,1), thenܮ
 

(A)    ∫ ቄµݕᇱଶ − ௬మ

௫మቅ ݔ݀ >  ଵ
଴

ଶ
ଵିଶ௞

                                                         (1.1) 

 

Where ݇ = ට(ଵ
ସ

− ଵ
ஜ
)  

 

 and finally we have           ∫ ቄµݕᇱଶ − ௬మ

௫మቅ ݔ݀ >  ଵ
଴ 0 

 
‘Calculus Of  Variations’ plays a very important role to establish integral inequalities. From theory of  

‘Calculus Of  Variations’ we get  ‘Euler’s equation’ as necessary condition for existence of extremal Y  
[3,chapter VII ,7.1]which is    

 
 డி
డ௬

= ௗ
ௗ௫

ቀ డி
డ௬ᇱ

ቁ                                                              (1.2) 

 
Now   Euler’s equation (1.2) is applicable for functions of the form    (ݕ)ܬ = ∫ ,ݔ)ܨ ,ݕ ௫భݔ݀(′ݕ

௫బ
     .                                   
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    One of the methods in ‘Calculus of  Variations’ to prove integral inequalities is by using `Hilbert’s 
invariant integral’ which is 
 
(ܥ)∗ܬ =  ∮{൫ܨ − ௣൯ܨ݌ ݔ݀ +  (1.3)                                                                   {ݕ݀ ௣ܨ
  

If the integral is taken along the extremal  ܧ , then using property of  ‘Hilbert’s invariant integral’ 
[3,chapter  VII,7.5] we have 

 
(ܥ)ܬ − (ܧ)ܬ    = ∮ Є ,ݔ) ,ݕ ,݌  (1.4)                                         ݔ݀(ᇱݕ
 
Where 
 
Є(ݔ, ,ݕ ,݌ (′ݕ = ,ݔ)ܨ ,ݕ (′ݕ − ,ݔ)ܨ ,ݕ (݌ − ᇱݕ) − ,ݔ)௣ܨ(݌ ,ݕ  (1.5)                       (݌
 

Where ܥ is any curve in the region covered by the field and the integral is taken along ܥ. Here ܨ and 
,ݔ) ܨ are the values of ݌ܨ ,ݕ ,ݔ) ௬ᇲܨ ᇱ)  andݕ ,ݕ  and Є is Weierstrass’  exess ݌ is replaced by ’ݕ when  (′ݕ
function’. If Є > 0 whenever ݕᇱ ≠ (ܧ)ܬ then ݌ <        .ܬ  and E gives a true minimum of (ܥ)ܬ

Our first theorem is proved in two different methods . One method is done using the knowledge of 
transformation and ‘Euler’s equation’ from Calculus of Variations. In another method we use  `Hilbert’s 
invariant integral’ to prove the inequality. In Theorem 2 we also use Hilbert’s invariant integral’which is an 
explicit application of ‘Calculus Of  Variations’. 

 
Statement of Theorem 1 : 

Theorem 1: If ݕ଴ = (0)ݕ = ݇, ݇ = ௕೘

(ୟାୠ)ౣ 
 ,   a (≠ 0) ,b are real numbers ,  ݉ = ଵ

ଶ
+ ට (   ଵ

ସ
 − ଵ

௔మஜ
   ) , µ > ସ

௔మ,  

(1)ݕଵୀݕ = 1, ′ ݕ ∈  ଶ(0,1) ,thenܮ

(B)    ∫ ቄµݕᇱଶ − ௬మ

(௔௫ା௕)మቅ ݔ݀ =   (௔ା௕)మೝି௕మೝ

௔(௔ା௕)భశమೝ
ଵ

଴
ଶ

ଵିଶ௥
+ µ ∫ ቊݕᇱ −

௔ ቀభ
మା௥ቁ௬

(௔௫ା௕)
ቋ

ଶ

ଵݔ݀
଴  

Where ݎ = ට(ଵ
ସ

− ଵ
௔మஜ

)  and for   a(>0)  ,  b (≥ 0) we have the inequality  

 

(B)          ∫ ቄµݕᇱଶ − ௬మ

(௔௫ା௕)మቅ ݔ݀ >  ଵ
଴ 0 

 
Statement of Theorem 2 : 
Theorem 2 : If   ݕ଴ = (0)ݕ ଵݕ , 0= =   and  y’⋲  L2  (0,1) , then 0 =(1)ݕ

   ∫ ௬మ

௫(ଵି௫)
ଵ

଴ >  ݔ݀   ଵ
ଶ

∫ ଶଵ′ ݕ
଴     ,  ݔ݀

unless  ݕ = 1 ) ݔܿ  −  ( ݔ
 
§2 : In this paper we give the first proof of Theorem 1 .    
 
First proof of Theorem 1   : 

Let       ݔ )ܨ, , ݕ ଶ′ݕµ = (’ݕ − ௬మ

(௔௫ା௕)మ   

 

Then Euler’s equation (1.2) becomes  
ିଶ௬

(௔௫ା௕)మ  = 2µݕᇱᇱ 

 

݅. ᇱᇱݕ ݁ +  ఒ௬
(௔௫ା௕)మ  = = ߣ ݁ݎℎ݁ݓ           0 ଵ

ஜ
, so  0 < ߣ < ସ

௔మ                                     (2.1) 
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We take       (ܽݔ + ܾ) =et , and  ߠ ≡  ௗ
ௗ௧

  

 
Then equation (2.1) becomes   ܽଶߠଶݕ −  ܽଶ ߠ + ݕߣ = 0                                 (2.2) 
 
whose auxiliary equation is  ܽଶ݈ଶ −  ܽଶ݈ + ߣ = 0                                                (2.3) 
 
Roots of the auxiliary equation (2.3) are  
 

݈ = ௔మା√௔రିସ௔మఒ
ଶ௔మ   = ଵ

ଶ
± ටଵ

ସ
−  ఒ

௔మ                                                                             (2.4) 

 
Case 1:                                                           

If   
ఒ

௔మ   <   ଵ
ସ
  , we have distinct roots of ݈. Then the general solution of (2.1)  is     

 

=     ݕ ܿଵ ݁
ቊభ

మ ାට   భ
ర ି ഊ

ೌమ   ቋ௧
+ ܿଶ ݁

ቊభ
మିට   భ

ర ି ഊ
ೌమ   ቋ௧

 
 
                                                     = ଵܿ (ܽݔ + ܾ)௠ + ܿଶ(ܽݔ + ܾ)௡                     (2.5)                
                           

Where   ݉ = ଵ
ଶ

+  ටଵ
ସ

−  ఒ
௔మ                                                                                          (2.6) 

 

and      ݊ = ଵ
ଶ

− ටଵ
ସ

− ఒ
௔మ                                                                                      (2.7) 

 

Now ݕᇱ = ௗ௬
ௗ௫

= ଵܿ ݉ܽ(ܽݔ + ܾ)௠ିଵ + ܿଶ݊ܽ(ܽݔ + ܾ)௡ିଵ                     (2.8)       
  
ᇱଶݕ = ܿଵ 

ଶ݉ଶܽଶ(ܽݔ + ܾ)ଶ௠ିଶ + ܿଶ
ଶ݊ଶܽଶ(ܽݔ + ܾ)ଶ௡ିଶ + 2ܿଵ ܿଶ݉݊ܽଶ(ܽݔ + ܾ)ିଵ       (2.9) 

 
as    ݉ + ݊ = 1  

∫ ᇱଶଵݕ
଴ =  ቂ௖భ 

మ௠మ௔(௔௫ା௕)మ೘షభ

ଶ௠ିଵ
ቃ

ଵ

଴
 +   ቂ௖మ

మ௡మ௔(௔௫ା௕)మ೙షభ 

ଶ௡ିଵ
ቃ

଴

ଵ
+  [2 ଵܿ ܿଶ݉݊ܽ ݈ݔܽ)݃݋ + ܾ)]଴

ଵ        (2.10)        

                                                        
From (2.6) and (2.7) we have 
 

 2݉ − 1 =  2  ቆටଵ
ସ

−  ఒ
௔మ  ቇ                                          ܽ݊݀          2 ݊ − 1 = −2 ቆ  ටଵ

ସ
−  ఒ

௔మቇ                    

 

Since  
ఒ

௔మ   <   ଵ
ସ
   , 2m-1 is a positive quantity  and  2n-1  is a negative quantity.  

 

Hence from (2.10) the terms  
௖మ

మ௡మ௔(௔௫ା௕)మ೙షభ 

ଶ௡ିଵ
 ܽ݊݀  2 ଵܿ ܿଶ݉݊ܽ ݈ݔܽ)݃݋ + ܾ) is undefined for x=0 and b=0. 

So the integral ∫ ᇱଶଵݕ
଴  in (2.10) only exists when ܿଶ = 0 

 
Hence  the general solution  of (2.1) from (2.5 ) is   ݕ = ܿଵ (ܽݔ + ܾ)௠                              (2.11)      
 

Case2:      If 
ఒ

௔మ  =   ଵ
ସ
 , we have  equal roots for  the equation (2.3) i.e  ݈ = ଵ

ଶ
 

Hence the general solution of (2.1) is               (ݐ)ݕ = ܣ) + ݁(ݐܤ
೟ 
మ                                 (2.12) 
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Where A and B are arbitrary constants. 
 

So                            (ݔ)ݕ = ܣ) + ݔܽ)݃݋݈ܤ + ܾ))݁
భ
మ୪୭୥ (௔௫ା௕)                                              (2.13)          

 

or                           (ݔ)ݕ = ݔܽ) + ܾ)
భ
మ(ܣ + ݔܽ)݃݋݈ܤ + ܾ))                                               (2.14) 

 

ᇱݕ                      = ଵ
ଶ

ݔܽ)ܽ  + ܾ)ି భమ(ܣ + ݔܽ)݃݋݈ܤ + ܾ)) + ݔܽ) + ܾ)
భ
మ

௔஻
(௔௫ା௕)

              

            

                        = ܽ ቀ஺
ଶ

+ ቁܤ ݔܽ)  + ܾ)ି భమ + ௔஻
ଶ

ݔܽ)  + ܾ)ି భమ݈ݔܽ)݃݋ + ܾ)                          (2.15) 

 

ଶ′ݕ =
ቄ௔ቀಲ

మା஻ቁቅ
మ

(௔௫ା௕) +
ቄೌಳ

మ ௟௢௚(௔௫ା௕)ቅ
మ

(௔௫ା௕) + ܽଶ ܤ ቀ஺
ଶ

+ ቁܤ ݔܽ)  + ܾ)ି భమ݈ݔܽ)݃݋ + ܾ)                   (2.16) 

 

න ᇱଶݕ
ଵ

଴
=  ቈܽ ൜൬

ܣ
2

+ ൰ൠܤ
ଶ 

ݔܽ)݃݋݈  + ܾ)቉
ଵ

଴

 + න
ቄ௔஻

ଶ
ݔܽ)݃݋݈ + ܾ)ቅ

ଶ

ݔܽ) + ܾ) ݔ݀
ଵ

଴
  

+ ܽଶ ܤ ൬
ܣ
2

+ ൰ܤ න ቄ (ܽݔ + ܾ)ି భమ݈ݔܽ)݃݋ + ܾ)ቅ  ݔ݀
ଵ

଴
                 (2.17) 

 

`Now  ݈ݔܽ) ݃݋ + ܾ) is not defined for ݔ = 0, ܾ = 0. So the integral  ∫ ᇱଶଵݕ
଴  in (2.17) does not exist. So 

in this case the solution 0f (2.1) does not exist. 
So the only solution of (2.1)  for which ݕ′ ⋲ ଶܮ  is           ݕ = ܿଵ (ܽݔ + ܾ)௠       
 

Where   ݉ = ଵ
ଶ

+  ටଵ
ସ

−  ఒ
௔మ   

 

Using initial conditions If y0 = k ,    k   =   ௕೘

(௔ା௕)೘    ,     y1 = 1 

 

                 ܿଵܾ௠ = ௕೘

(௔ା௕)೘                                   (2.18) 

               ܿଵ(ܽ + ܾ)௠ = 1                                     (2.19) 
 

From (2.18) and (2.19) we get                ܿଵ = ଵ
(௔ା௕)೘                            (2.20) 

So the extremal from (2.11)  is     ܻ =  ଵ
(௔ା௕)೘ ݔܽ) + ܾ)௠               (2.21) 

 

                                                        ܻ =  ଵ

(௔ା௕)
భ
మశ ටభ

రష ഊ
ೌమ  

ݔܽ) + ܾ)
భ
మା ටభ

రି ഊ
ೌమ  

 using (2.6) 

 

                                                        ܻ =  ଵ

(௔ା௕)
భ
మశ ೝ

ݔܽ) + ܾ)
భ
మା ௥                (2.22) 

                               

Where  ݎ =  ටଵ
ସ

−  ఒ
௔మ   ,   ݎଶ =  ଵ

ସ
− ఒ

௔మ  ,         ߤ = ଵ

௔మቀ  భర  ି   ௥మ   ቁ   
,  as λ=  ଵ

ఓ
  by (2.1)           (2.23) 

Then           ܻ′ =  
௔  ቀ   భ

మ ା௥   ቁ

(௔ା௕)
భ
మశ ೝ

ݔܽ) + ܾ)ି  భమା ௥                                                         (2.24) 
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ܻ′ଶ =  
ቄ௔ቀ   భ

మ ା௥   ቁቅ
మ

(௔ା௕)భశమ ೝ ݔܽ) + ܾ)ି  ଵାଶ ௥                                                                       (2.25) 

 

Now  ܬ(ܻ) = ∫ ቄµܻᇱଶ − ௒మ

(௔௫ା௕)మቅ ଵݔ݀
଴  

= ∫ ൝µ
ቄ௔ቀ   భ

మ ା௥   ቁቅ
మ

(௔ା௕)భశమ ೝ ݔܽ) + ܾ)ି  ଵାଶ ௥ −
భ

(ೌశ್)భశమ ೝ(௔௫ା௕)భశమ ೝ

(௔௫ା௕)మ ൡ ଵݔ݀
଴                    using (2.22) 

 

=
൤µ ቄܽ ቀ   ଵ

ଶ 
+ ቁቅ   ݎ

ଶ
− 1൨

(ܽ + ܾ)ଵାଶ ௥ න ݔܽ) + ܾ)ିଵାଶ௥
ଵ

଴
 ݔ݀ 

 

=
൤µ ቄܽ ቀ   ଵ

ଶ 
+ ቁቅ   ݎ

ଶ
− 1൨

(ܽ + ܾ)ଵାଶ ௥  ቈ
ݔܽ) + ܾ)ଶ௥

ܽݎ2
቉

଴

ଵ

 

 

                                     = 
ቈ   ቆ

భ
మ శೝ
భ
మ షೝ

ቇିଵ  ቉

(௔ା௕)భశమ ೝ  ቂ(௔ା௕)మೝି௕మೝ

ଶ௥௔
ቃ         using (2.1)  ߤ = ଵ

௔మቀ  భర  ି   ௥మ  ቁ   
 

 

=
 ቈ  

భ
మ ା௥ି భ

మ ା௥
భ
మ ି௥

   ቉

(ܽ + ܾ)ଵାଶ ௥  ቈ
(ܽ + ܾ)ଶ௥ − ܾଶ௥

ܽݎ2
቉ 

 

=
 ቈ  ଶ௥

భషమೝ
మ 

   ቉

(ܽ + ܾ)ଵାଶ ௥  ቈ
(ܽ + ܾ)ଶ௥ − ܾଶ௥

ܽݎ2
቉ 

 
 

                                                =  (௔ା௕)మೝି௕మೝ

௔(௔ା௕)భశమೝ
ଶ

ଵିଶ௥
                                               (2.26) 

 
                       
Now we take the  transformation ݕ = ܻ +              (2.27)                  ߟ
 

(ݕ)ܬ      = ∫ ቄµݕᇱଶ − ௬మ

(௔௫ା௕)మቅ ଵݔ݀
଴          

 

         = ∫ ቄµ(ܻᇱ + – ଶ (′ߟ (௒ାఎ)మ

(௔௫ା௕)మቅ ଵݔ݀
଴          using  (2.27)   

 

          = ∫ ቄµܻᇱଶ − ௒మ

(௔௫ା௕)మቅ ଵݔ݀
଴    +    ∫ ቄµߟᇱଶ − ఎమ

(௔௫ା௕)మቅ ଵݔ݀
଴ ,ܻ)ܭ +  (ߟ

 
 
(ߟ)ܬ +(ܻ)ܬ =           + ,ܻ)ܭ   (2.28)                                                           (ߟ
 

Where ܭ(ܻ, (ߟ = ∫ ቄ2µܻ′ߟᇱ − ଶ௒ఎ
(௔௫ା௕)మቅ ଵݔ݀

଴                              

                             = 2 ቄ[µܻ′ߟ]଴  
ଵ − µ ∫ ܻᇱᇱݔ݀ߟ − ∫ ௒ఎ

(௔௫ା௕)మ ଵݔ݀
଴  ଵ

଴ ቅ            (2.29) 
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Now ܻ’ is a continuous function and   (0)ߟ  = (1)ߟ = 0   using  (2.27)  and  given initial conditions. 
So [µܻ′ߟ]଴  

ଵ = 0 then (2.29) becomes 
 

,ܻ)ܭ (ߟ = −µ න ܻᇱᇱݔ݀ߟ − න
ߟܻ

ݔܽ) + ܾ)ଶ ݔ݀
ଵ

଴
 

ଵ

଴
 

 

= − න ൜µܻᇱᇱ +
ܻ

ݔܽ) + ܾ)ଶൠ  ݔ݀ߟ
ଵ

଴
 

 

Now ܻ is the solution of the equation (2.1) .So  µܻᇱᇱ + ௒
(௔௫ା௕)మ 

 = 0 . Hence ܭ(ܻ, (ߟ = 0 

 
 (2.30 )                                                   (ߟ)ܬ +(ܻ)ܬ = (ݕ)ܬ                                ݋ݏ   
 
Again  we take the transformation ߟ =  (2.31 )                                                ߞܻ
 

(ߟ)ఋܬ = න ቊµߟᇱଶ −
ଶߟ

ݔܽ) + ܾ)ଶቋ ݔ݀
ଵ

ఋ
 

 

= න ቊµ(ܻᇱߞ + ଶ(′ߞܻ −
ܻଶߞଶ

ݔܽ) + ܾ)ଶቋ ݔ݀
ଵ

ఋ
 

 

= ∫ ቄµ(ܻ′ଶߞଶ + ܻଶߞ′ଶ + − (′ߞߞ2ܻܻ′ ௒మ఍మ

(௔௫ା௕)మቅ ଵݔ݀
ఋ                                       ( 2.32) 

 
Now  
 

∫ ଵݔ݀′ߞߞ2ܻܻ′
ఋ = ∫ ଶଵߞ2ܻܻ′݀

ఋ =  ఋ[ଶߞ′ܻܻ]
ଵ −  ∫ (ܻ′ଶ + ܻܻᇱᇱ)ߞଶ݀ݔଵ

ఋ   ( 2.33) 
  

Now  ܻܻ′ߞଶ = ௒  ௒ᇲఎమ

௒మ =  ௒ᇲఎమ

௒
                                                             ( 2.34) 

 
Now Y’ is continuous and  Y(1)=1 and η(1)=0,using initial conditions and the transformation (2.27) 

.So ܻܻ′ߞଶ = 0  at  x=1. 
 

Now (2.32) becomes 
 

(ߟ)ఋܬ = න µ൫ܻᇱଶߞଶ + ܻଶߞᇱଶ൯݀ݔ − µൣܻܻᇱ఍మ ൧
ఋ −  න µ൫ܻᇱଶ + ܻܻᇱᇱ൯ߞଶ݀ݔ

ଵ

ఋ

 

– න
ܻଶߞଶ

ݔܽ) + ܾ)  ଶ
ଵ

ఋ
ݔ݀

ଵ

ఋ
 

 
                                                                                                                                            using (2.32) 
 

     = ∫ µ൫ܻଶߞᇱଶ൯݀ݔ − µൣܻܻᇱ఍మ൧
ఋ −  ∫ ቀµܻᇱᇱ + ௒

(௔௫ା௕)  మ
ቁ ଵݔଶ݀ߞܻ

ఋ

 ଵ
ఋ  

 

     = ∫ µ൫ܻଶߞᇱଶ൯݀ݔ − µ[ܻܻ′ߞଶ]ఋ
 ଵ

ఋ                                                                               (2.35) 
 

As Y is the solution of the equation  (2.1) .So  µܻᇱᇱ + ௒
(௔௫ା௕)మ 

 = 0 
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ଶߞ′ܻܻ    (2.34 ) ݉݋ݎܨ = ௒ᇲఎమ

௒
=  

ೌ  ቀ   భ
మ శೝ   ቁ

(ೌశ್)
భ
మశ ೝ

(௔௫ା௕)ష  భమశ ೝఎమ 

భ

(ೌశ್)
భ
మశ ೝ

(௔௫ା௕)  భమశ ೝ
 using (2.22) and (2.24) 

 

=
ܽ  ቀ   ଵ

ଶ 
+ ቁ   ݎ

ݔܽ) + ܾ) ଶߟ  

 

For x=δ,     ܻܻ′ߞଶ =
௔  ቀ   భ

మ ା௥   ቁ

(௔ఋା௕)   (2.36)         (ߜ)ଶߟ

 
Case 1 : if b≠0, then  lim

ఋ→଴
ఋ  =0 from (2.36) as   lim[ଶߞ′ܻܻ] 

ఋ→଴
 0=(ߜ)ߟ

 

Case 2: if b=0,   lim
ఋ→଴

ఋ[ଶߞ′ܻܻ]  =   lim
ఋ→଴

௔  ቀ   భ
మ ା௥   ቁ

(௔ఋ) (ߜ)ଶߟ = ቀ   ଵ
ଶ 

+ ቁ   ݎ   lim 
ఋ→଴

ఎమ(ఋ)
ఋ

= 0 

 
Since Y’ and ݕ′ are in ܮଶ, using transformation  (2.27) η’ is also in ܮଶand so η=o(√ݔ) (theorem 222, 

Hardy, Littlewood, Polya) 
 

So in all cases    lim
ఋ→଴

ఋ[ଶߞ′ܻܻ]  = 0                             (2.37) 

 

So  (ߟ)ܬ =   lim
ఋ→଴

(ߟ)ఋܬ =   lim
ఋ→଴

∫ µ൫ܻଶߞᇱଶ൯݀ݔ − µ  lim
ఋ→଴

ൣܻܻᇱ఍మ ൧ఋ

 ଵ
ఋ  

 

= ∫ µ൫ܻଶߞᇱଶ൯݀ݔ  ଵ
଴  using (2.37)                                                    (2.38) 

 
Now from (2.31) we have                        ߟ =   ߞܻ
 

ᇱߟ = ܻᇱߞ +  ′ߞܻ
 

So   ܻߞᇱ = ᇱߟ  − ܻᇱߟ= ߞᇱ −  
௔  ቀ   భ

మ ା௥   ቁ

(௔ା௕)
భ
మశ ೝ

ݔܽ) + ܾ)ି  భమା ௥ ఎ

(ೌೣశ್) భమశ ೝ

(ೌశ್)
భ
మశ ೝ

    using (2.24) (2.31) and (2.22) 

 

So     ܻߞᇱ = ᇱߟ  −  ܽ  ቀ   ଵ
ଶ 

+ ቁ   ݎ ఎ
(௔௫ା௕)   

 

= ᇱݕ) − ܻ′)  −  ܽ  ቀ   ଵ
ଶ 

+ ቁ   ݎ ( ௬ି௒ )
(௔௫ା௕)         using (2.27) 

 

      = ቌݕᇱ −  
ܽ  ቀ   ଵ

ଶ 
+ ቁ   ݎ

(ܽ + ܾ)
భ
మା ௥

ݔܽ) + ܾ)ି  భమା ௥ቍ −      
ܽ  ቀ   ଵ

ଶ 
+ ቁ   ݎ ቆ ݕ − (௔௫ା௕) భమశ ೝ

(௔ା௕)
భ
మశ ೝ

 ቇ

ݔܽ) + ܾ)  

 
                                                                                                                using(2.24)  and (2.22) 
 

                = ᇱݕ −       
௔  ቀ   భ

మ ା௥   ቁ

(௔௫ା௕)  (2.39)                                                         ݕ

 
Now from (2.30)we have        (ߟ)ܬ +(ܻ)ܬ = (ݕ)ܬ 
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                                    =  (௔ା௕)మೝି௕మೝ

௔(௔ା௕)భశమೝ
ଶ

ଵିଶ௥
+ µ ∫ ቊݕ′ −   

௔  ቀ   భ
మ ା௥   ቁ

(௔௫ା௕) ቋݕ
ଶ

ଵ
଴   (2.40)  ݔ݀

 
Using (2.38), (2.39) and (2.26) 

Which is our required equality of Theorem 1.We also prove this equality by using `Hilbert’s invariant 
integral’. 
 
§3: Alternative proof of Theorem 1: 
This   proof is  done by using `Hilbert’s invariant integral’  

Here  ݕ = ఈ(௔௫ା௕) భమశ ೝ

(௔ା௕)
భ
మశ ೝ

             using (2.22)                                                     (3.1) 

 

݌ = ߙ 
௔  ቀ   భ

మ  ା ௥   ቁ

(௔ା௕)
భ
మశ ೝ

ݔܽ) + ܾ)ି  భమା ௥      using (2.24)                  

 

݌ = ܽ  ቀ   ଵ
ଶ 

+ ቁ ௬   ݎ
௔௫ା௕

                      using (3.1)                                                        (3.2) 

 

From §2 we have   F( x, y , y’) = µݕ′ଶ − ௬మ

(௔௫ା௕)మ                 (3.3) 

 
௬ᇲܨ    = 2µ(3.4)                      ′ݕ   ,     

௣ܨ      = 2µ݌ = 2µܽ  ቀ   ଵ
ଶ 

+ ቁ ௬   ݎ
௔௫ା௕

  ,  using    (3.2)                              

 

                     = 2ܽ ଵ

௔మቀ  భర  ି   ௥మ   ቁ   
  ቀ   ଵ

ଶ 
+ ቁ ௬   ݎ

௔௫ା௕
                   using (2.23) 

 

                      = ଶ

௔ቀ  భమ  ି   ௥  ቁ   
   ௬

௔௫ା௕
                                               (3.5)  

 

Now  ܨ − ௣ܨ݌ = µ݌ଶ − ௬మ

(௔௫ା௕)మ − ܽ  ቀ   ଵ
ଶ 

+ ቁ ௬   ݎ
(௔௫ା௕)

ଶ

௔ቀ  భమ  ି   ௥  ቁ   
   ௬

(௔௫ା௕)
                

                                                                                                                             Using   (3.2),   (3.3),   (3.5) 
 

= ଵ
௔మቀ  భర  ି   ௥మ   ቁ   

ቄܽ  ቀ   ଵ
ଶ 

+ ቁ ௬   ݎ
௔௫ା௕

 ቅ
ଶ

− ௬మ

(௔௫ା௕)మ −
ቀ   భ

మ ା௥   ቁ

ቀ  భమ  ି   ௥  ቁ
   ଶ௬మ

(௔௫ା௕)మ                 using (2.23) 

 

= ௬మ

(௔௫ା௕)మ ቈ
ቀ   భ

మ ା௥   ቁ

   ቀ  భమ  ି   ௥  ቁ
− 1 − 2

ቀ   భ
మ ା௥   ቁ

ቀ  భమ  ି   ௥  ቁ
  ቉  = − ௬మ

(௔௫ା௕)మ ቈ
ቀ   భ

మ ା௥   ቁ

   ቀ  భమ  ି   ௥  ቁ
+ 1  ቉ 

= − ௬మ

 ቀ  భమ  ି   ௥  ቁ(௔௫ା௕)మ
      (3.6) 

                                                                                                           
Now  from (1.5)      ܬ∗ =  ∫൛൫ܨ − ௣൯dxܨ݌ +   ൟݕ݀ ௣ܨ 
 
So 
 

∗ܬ    =   ∫ ቊ− ଵ
ቀ  భమ  ି   ௥  ቁ

௬మ

(௔௫ା௕)మቋ dx + ቊ ଶ
௔ቀ  భమ  ି   ௥  ቁ   

   ௬
௔௫ା௕

 ቋ         using (3.5) and (3.6)    ݕ݀

                         



STUDY ON  SOME INTEGRAL INEQUALITIES                                                                                                       vOlUme - 7 | issUe - 3 | decemBeR – 2017           
_________________________________________________________________________________________________________________________ 

________________________________________________________________________________________ 
Available online at www.lbp.world 

9 
 

=
1

ܽ ቀ  ଵ
ଶ

  − ቁ  ݎ   
න ቊ

ݔ݀ ଶݕܽ− + ݔܽ)ݕ2 + ݕ݀(ܾ
ݔܽ) + ܾ)ଶ ቋ  

 

                                          = ∫ d ቆ ௬మ

௔ቀ  భమ  ି   ௥  ቁ(௔௫ା௕)
ቇ    (3.7) 

 

                                         = ∫ dW ,  a perfect differential, where ܹ = ቆ ௬మ

௔ቀ  భమ  ି   ௥  ቁ(௔௫ା௕)
ቇ  

 
Now from (1.9) Є(ݔ, ,ݕ ,݌ (′ݕ = ,ݔ)ܨ ,ݕ (′ݕ − ,ݔ)ܨ ,ݕ (݌ − ᇱݕ) − ,ݔ)௣ܨ(݌ ,ݕ  (݌
 

= µݕ′ଶ −
ଶݕ

ݔܽ) + ܾ)ଶ − µ݌ଶ −
ଶݕ

ݔܽ) + ܾ)ଶ  − ᇱݕ) −  ݌2µ(݌

 
= µ(ݕᇱ −  ଶ(݌ 

 

                                                                  = µ ቄݕᇱ − ܽ  ቀ   ଵ
ଶ 

+ ቁ ௬   ݎ
௔௫ା௕

ቅ
ଶ
 using (3.2)             (3.8) 

 
Now from (3.8) we have (ܥ)ܬ − (ܧ)ܬ  = ∮ Є ,ݔ) ,ݕ ,݌  ݔ݀(ᇱݕ
 

= ∫ µ ቄݕᇱ − ܽ  ቀ   ଵ
ଶ 

+ ቁ   ݎ  ௬
௔௫ା௕

ቅ
ଶ

  using (3.8) 

 

So (ܥ)ܬ =  (௔ା௕)మೝି௕మೝ

௔(௔ା௕)భశమೝ
ଶ

ଵିଶ௥
+ µ ∫ ቊݕ′ −   

௔  ቀ   భ
మ ା௥   ቁ

(௔௫ା௕) ቋݕ
ଶ

ଵ
଴ (ܧ)ܬ using (2.26 ) and(3.8) here  ݔ݀ =  Y,(ܻ)ܬ

being the extremal and x=0  and x=1 being the end points of the extremal .  
 

Hence ∫ ቄµݕᇱଶ − ௬మ

(௔௫ା௕)మቅ ݔ݀ =ଵ
଴

(௔ା௕)మೝି௕మೝ

௔(௔ା௕)భశమೝ
ଶ

ଵିଶ௥
+ ∫ ቊݕ′ −   

௔  ቀ   భ
మ ା௥   ቁ

(௔௫ା௕) ቋݕ
ଶ

ଵ
଴  using (3.3) and (1.1)    ݔ݀

 
 
§4:   Now if   ܽ(> 0), ܾ(≥ 0)   ; (ܽ + ܾ)ଶ௥ − ܾଶ௥ > 0 ,  
 

ݎ =  ටଵ
ସ

−  ఒ
௔మ   > 0    ݏܽ  0 < ఒ

௔మ  < ଵ
ସ
             using (2.1) 

 

ݎ =  ඨ1
4

−  
ߣ

ܽଶ  <
1
2

 

 

i.e 1 − ݎ2 > 0 .Hence   (௔ା௕)మೝି௕మೝ

௔(௔ା௕)భశమೝ
ଶ

ଵିଶ௥
> 0 if   ܽ(> 0), ܾ(≥ 0)    

 
so we have from the equality of Theorem 1  
 

න ቊµݕᇱଶ −
ଶݕ

ݔܽ) + ܾ)ଶቋ ݔ݀
ଵ

଴
> µ න ቐݕ′ −   

ܽ  ቀ   ଵ
ଶ 

+ ቁ   ݎ
ݔܽ) + ܾ) ቑݕ

ଶ
ଵ

଴
 ݔ݀
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which gives the inequality of Theorem 1 i.e 
 

න ቊµݕᇱଶ −
ଶݕ

ݔܽ) + ܾ)ଶቋ ݔ݀
ଵ

଴
> 0 

 
which completes the proof of Theorem 1. 
 
 §5: In this article we prove Theorem 2. 
 
This inequality is also proved by using `Hilbert’s invariant integral’. 
 

Here  we take  ݔ )ܨ, , ݕ  = (’ݕ
ଵ
ଶ

ଶ′ݕ − ௬మ

௫(ଵି௫)                                         (5.1) 

 

 Then Euler’s equation (1.2) becomes  
ିଶ௬

௫(ଵି௫)  =  ᇱᇱݕ

 

which  gives   ݕᇱᇱ + ଶ௬
௫(ଵି௫)  = 0                          

                                      
i.e  1)ݔ − ᇱᇱݕ(ݔ + ݕ2 = 0                                                                        (5.2) 
 
where the initial conditions are y0  = 0 , y1 = 0 
let ݕ = ݔ)ݔߙ − 1)  then ݕ′ = ݔ2)ߙ − ′′ݕ ,(1 =   ߙ2
then (5.2) has solutions  ܻ = ݔ)ݔߙ − 1)                                                  (5.3)   
 

Satisfying the initial conditions whatever be α.If E be a extremal passing through the end 
points(0,0)and (1,0) then E is of the from  ܻ = ݔ)ݔߙ − 1).By  varying α we can define a field round any 
particular extremal. 

 

(ܧ)ܬ = න ቊ
1
2

ܻ′ଶ −
ܻଶ

1)ݔ − ቋ(ݔ
ଵ

଴
 ݔ݀

 

(ܧ)ܬ = න ቊ
1
2

ݔ2)ߙ} − 1)}ଶ −
ݔ)ݔߙ} − 1)}ଶ

1)ݔ − (ݔ ቋ
ଵ

଴
 ݔ݀

 

(ܧ)ܬ = ଶߙ න ൜
1
2

ଶݔ4) − ݔ4 + 1) + ݔ)ݔ − 1)ൠ
ଵ

଴
 ݔ݀

 

= ଶߙ ∫ ቀ3ݔଶ − ݔ3 + ଵ
ଶ
ቁଵ

଴ ݔ݀ = ଶߙ ቀ1 − ଷ
ଶ

+ ଵ
ଶ
ቁ = 0  

 
So  (ܧ)ܬ = 0  for all α .                                                                                (5.4) 
 
From §1 we  have   
 
(ܥ)ܬ       − (ܧ)ܬ  = ∮ Є ,ݔ) ,ݕ ,݌  using (1.4)     ݔ݀(ᇱݕ
 
     The integrals are taken along the curve ܥ. 
 
Where  Є(ݔ, ,ݕ ,݌ (′ݕ = ,ݔ)ܨ ,ݕ (′ݕ − ,ݔ)ܨ ,ݕ (݌ − ᇱݕ) − ,ݔ)௣ܨ(݌ ,ݕ  using  (1.5)            (݌
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Here ݕ = ݔ)ݔߙ − 1)  then ݕᇱ = ݌ = ݔ2)ߙ − 1) = ଵିଶ௫
௫(ଵି௫)

 (5.5)                                             ݕ

 

From (5.1)  ݔ )ܨ, , ݕ  = (’ݕ
ଵ
ଶ

ଶ′ݕ − ௬మ

௫(ଵି௫) ܨ௬ᇲ = ᇱݕ  ,so ܨ௣ =  (5.6)                                              ݌

 

Now  ܨ − ௣ܨ݌ = ଵ
ଶ

ଶ݌ − ௬మ

௫(ଵି௫)
− ଶ݌ = − ቀଵ

ଶ
ଶ݌ + ௬మ

௫(ଵି௫)
ቁ = − ൜ଵ

ଶ
ቀ ଵିଶ௫

௫(ଵି௫)
ቁ  ݕ

ଶ
+ ௬మ

௫(ଵି௫)
ൠ   

                                                                                                                                             using (5.5) 
 

= − ቄଶ௬మ௫(ଵି௫)ା(ଵିଶ௫)మ௬మ

ଶ௫మ(ଵି௫)మ ቅ                                                                                                        (5.7) 

 
Now  ൫ܨ − ௣൯dxܨ݌ +  ݕ݀ ௣ܨ 
 

= − ቄଶ௬మ௫(ଵି௫)ା(ଵିଶ௫)మ௬మ

ଶ௫మ(ଵି௫)మ ቅ ݔ݀ + ଵିଶ௫
௫(ଵି௫)

 using (5.5)and (5.6)     ݕ݀ ݕ

 

= − ௬మ

ଶ
ቄଶ௫(ଵି௫)ା(ଵିଶ௫)మ

ଶ௫మ(ଵି௫)మ ቅ ݔ݀ + ଵିଶ௫
௫(ଵି௫)

   ݕ݀ ݕ

     

= ௬మ

ଶ
ቄ௫(ଵି௫)ௗ(ଵିଶ௫)ା(ଵିଶ௫)ௗ(௫(ଵି௫))

௫మ(ଵି௫)మ ቅ + ଵିଶ௫
ଶ௫(ଵି௫)

   ݕ݀ ݕ2

 

= ଶ݀ݕ ቄ ଵିଶ௫
ଶ௫(ଵି௫)

ቅ + ଵିଶ௫
ଶ௫(ଵି௫)

   (ଶݕ)݀ 

 

= ݀ ቄ௬మ(ଵିଶ௫)
ଶ௫(ଵି௫)

ቅ  

 

= ܹ݀  , a perfect differential,   where ܹ=ቄ௬మ(ଵିଶ௫)
ଶ௫(ଵି௫)

ቅ                                               (5.8) 

 
Again from (1.9) we have  
 
Є(ݔ, ,ݕ ,݌ (′ݕ = ,ݔ)ܨ ,ݕ (′ݕ − ,ݔ)ܨ ,ݕ (݌ − ᇱݕ) − ,ݔ)௣ܨ(݌ ,ݕ  (1.9)             (݌
 

= ଵ
ଶ

ଶ′ݕ − ௬మ

௫(ଵି௫) + ଵ
ଶ

ଶ݌ + ௬మ

௫(ଵି௫) − ᇱݕ) −  using ((5.5) and (5.6)          ݌(݌

 

= ଵ
ଶ

ᇱݕ) − ଶ(݌   > 0 , unless  ݕ’ =  (5.9)                                                                                                  ݌

 
So from (5.9) using (5.1), (1.8) and (5.4) 
 

we get   ∫ ቄଵ
ଶ

ଶ′ݕ − ௬మ

௫(ଵି௫)ቅଵ
଴ ݔ݀ > 0 from which we get our required integral inequality 

 

∫ ௬మ

௫(ଵି௫)
ଵ

଴ >  ݔ݀   ଵ
ଶ

∫ ଶଵ′ ݕ
଴  (5.10)   ݔ݀

 

y’ = p =
ௗ௬
ௗ௫

= ଵିଶ௫
௫(ଵି௫)

 using (5.5)   ݕ

 
ௗ௬
௬

= ଵିଶ௫
௫(ଵି௫)

= ଵି௫ି௫
௫(ଵି௫)

  ݔ݀
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Solving we get 
 
ݕ ݃݋ܮ = + ݔ ݃݋݈ 1) ݃݋݈ − (ݔ +  .where ܿ is arbitrary constants ܿ ݃݋݈
 
So Using (5.9)   ݕ = 1 ) ݔ ܿ −  .gives the equality of (5.10) ( ݔ
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