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ABSTRACT—  
In the book “Inequalities”  by 
Hardy, Little wood and 
Polyathe following inequality 
[chapter VII ,Theorem 259] has 
been proved. 
If ݕ and ݕ′′ are in ܮଶ(0,
∞)then 
 
 
 

  

(න ݔᇱଶ݀ݕ
ஶ

଴

)ଶ

< 4 න ݔଶ݀ݕ න ,ݔᇱᇱଶ݀ݕ
ஶ

଴

ஶ

଴

 

 
unlessݕ =  where A, B  ,(ݔܤ)ܻܣ
are constant and 
 

ܻ =  ݁ିೣ
మ sin (ߛ݊݅ݏݔ − (ߛ ቀߛ =

ߨ
3

ቁ, 
when there is equality. 

In this paper we extend this inequality into an integral inequality involving third order 
derivative of y. 

 
KEY WORDS: Integral inequality, Identity. 
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§1 INTRODUCTION: 

In their book ‘Inequalities ′Hardy, Little wood and Polya have proved the following 
inequality (1.1) [ chapter VII, Theorem 259 ] involving second order derivative of y : 

 
If ݕ and ݕ" are in ܮଶ(0, ∞) then 

 
(∫ ஶݔᇱଶ݀ݕ

଴ )ଶ < 4 ∫ ݔଶ݀ݕ ∫ ஶ,ݔᇱᇱଶ݀ݕ
଴

ஶ
଴ ……………………………………………..(1.1)unless  

ݕ =                           (1.2).………………………………………………………………  ,(ݔܤ)ܻܣ
where A and B are constants and 

ܻ =  ݁ିೣ
మsin (ߛ݊݅ݏݔ − (ߛ ቀߛ = గ

ଷ
ቁ,  ………………………………………….(1.3) 

when there is equality. 
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This inequality has been proved with the help of another inequality[ 2, chapter VII, The- 

orem 260 ] which is as follows : 
 
If ݕ and ݕ" are in ܮଶ(0, ∞) then 
 
∫ ଶݕ) − ᇱଶݕ + ݔ݀(ᇱᇱଶݕ > 0,ஶ

଴ ……………………………………(1.4)              
                                 
unless ݕ =  (1.5).…………………………………………………,ܻܣ
 
when there is equality. 

Several proofs of (1.4) are given in the book [ 2, chapter VII, Theorem 260 ] to illustrate 
differences of method. The second proof is given by reducing (1.4) to dependence upon an 
identity. 

In this paper we extend the inequality of (1.1) to an integral inequality where third 
order derivative of functions are involved. We also extend the inequality of (1.4) to an integral 
inequality involving third order derivative. With other conditions we take the conditionݕᇱ(0) =
0 for these extensions. The extension of (1.1) is given in Theorem 1 which is statedbelow: 
 
Theorem 1: If ݕ ,ݕ′′′ and any one of ݕ′ or ݕ′′ are in ܮଶ(0, ∞) and ݕᇱ(0) = 0 then 
൫∫ ଶஶݕ

଴ ∫൯൫ݔ݀ ᇱᇱᇱଶஶݕ
଴ ൯ݔ݀ > (∫ ᇱଶஶݕ

଴ ∫)(ݔ݀ ᇱᇱଶஶݕ
଴  (1.6)..……(ݔ݀

 
The extension of (1.4) is given in Theorem 2 which is stated below: 
 
Theorem 2: If ݕ ,ݕ′′′ and any one of ݕ′ or ݕ′′ are in ܮଶ(0, ∞) and ݕᇱ(0) = 0 then ∫ ଶݕ) − ᇱଶݕ −ஶ

଴
ᇱᇱଶݕ + ݔ݀(ᇱᇱᇱଶݕ > 0……………………………(1.6) 
 

Theorem 2 is proved in §2 by reducing (1.7) to dependence upon an identity [ 2, chapter 
VII, Theorem 260 ]. 

In §3 first we prove Theorem 1 using Theorem 2. An alternative proof of Theorem 1  which 
is independent of Theorem 2 is givenlater. 

Several examples of both Theorem 1 and Theorem 2 are given in §4. 
In §5 we discuss the corrosponding theorems for complex valued functions in [0, ∞) and 

also for real valued functions in (−∞, ∞). 
 

§2In this article we prove the Theorem 2.  
 
The proof of Theorem 2: 

 
Let ܬ଴ = ∫ ஶ,ݔଶ݀ݕ

଴ ଵܬ = ∫ ஶ,ݔᇱଶ݀ݕ
଴ ଶܬ = ∫ ஶ,ݔᇱᇱଶ݀ݕ

଴   and ܬଷ = ∫ ஶݔᇱᇱᇱଶ݀ݕ
଴ where ܬ଴, ܬଷ are finite 

and any one of ܬଵ or ܬଶ are finite. 
If J0, J2and J3are finite we can show J1is finite in the same way that Hardy, Littlewood and 

Polya have done in the proof of (1.4) [ 2, chapter VII, Theorem260] 
Now we assume J0, J1, J3are finite and we show J2is finite.  
 
We have    
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∫ ݔᇱᇱଶ݀ݕ = ᇱᇱ|଴ݕᇱݕ
௑ −௑

଴ ∫ ௑ݔ݀′′′ݕᇱݕ
଴ ………………………………(2.1) 

 

 Since ݕ′ and ݕ′′′ are in ܮଶ(0, ∞), ∫ ௑ݔ݀′′′ݕᇱݕ
଴  tends to a finite limit as ܺ tends to ∞. If 

.݅ ଶܬ ݁.  ∫ ஶݔᇱᇱଶ݀ݕ
଴  were infinite.ݕ′ݕ′′(ܺ)would tend to ∞ as  ܺ tends to ∞. But, 

ᇱଶݕ = 2 න  ,ݔᇱᇱ݀ݕᇱݕ

 
which gives if ݕ′ݕ′′ is infinite then ݕᇱଶ is infinite which contradicts the convergence of J1. 
HenceJ2is finite. 
Therefore, under the given conditions ܬ଴,   .ଷ    are finiteܬ   ,ଶܬ  ,ଵܬ  
Now 
 

න ଶݕ)] − ᇱଶݕ − ᇱᇱଶݕ + (ᇱᇱᇱଶݕ − ݕ) + ᇱݕ + ᇱᇱݕ + ݔ݀[ᇱᇱᇱ)ଶݕ
௑

଴
 

= −2 න ᇱଶݕ) + ᇱᇱଶݕ + ᇱݕݕ + ᇱᇱݕݕ + ᇱᇱᇱݕݕ + ᇱᇱݕᇱݕ + ᇱᇱᇱݕᇱݕ + ݔ݀(′′′ݕ′′ݕ
௑

଴
 

= −2 න ݕ)] + ᇱݕ + ᇱݕ)(ᇱᇱݕ + ᇱᇱݕ + (ᇱᇱᇱݕ − ݔ݀[′′ݕ′ݕ
௑

଴
 

= − න ݕ)݀ + ᇱݕ + ଶ(′′ݕ + න ଶ(′ݕ)݀
௑

଴

௑

଴
 

 
= ݕ)−  + ᇱݕ + ᇱᇱ)ଶ|଴ݕ

௑ + ᇱଶ|଴ݕ
௑  

 
= ݕ)−  + ᇱݕ + (ܺ)ᇱᇱ)ଶݕ + ݕ) + ᇱݕ + ᇱᇱ)ଶ(0)ݕ + (ܺ)ᇱଶݕ −  ᇱଶ(0)                                            (2.2)ݕ
 
Now ܬ଴, ݕ) ,ଷ    being finiteܬ   ,ଶܬ  ,ଵܬ   + ᇱݕ +  .ᇱଶ(ܺ) tend to zero as ܺ tends to infinityݕ ᇱᇱ)ଶ(ܺ) andݕ
 
When ܺ → ∞,  (2.2) becomes  

න ଶݕ)] − ᇱଶݕ − ᇱᇱଶݕ + (ᇱᇱᇱଶݕ − ݕ) + ᇱݕ + ᇱᇱݕ + ݔ݀[ᇱᇱᇱ)ଶݕ
ஶ

଴
 

= ݕ) + ᇱݕ + ᇱᇱ)ଶ(0)ݕ −  ᇱଶ(0)……………………………………………..(2.3)ݕ
We apply the condition ݕᇱ(0) = 0 in (2.3) and get 

න ଶݕ) − ᇱଶݕ − ᇱᇱଶݕ + ݔ݀(ᇱᇱᇱଶݕ
ஶ

଴
 

= (0)ݕ] + ଶ[(0)′′ݕ + ∫ ݕ) + ᇱݕ + ᇱᇱݕ + ஶݔᇱᇱᇱ)ଶ݀ݕ
଴ ………………(2.4) 

Since all the terms in the R.H.S of (2.4) arepositive, 

න ଶݕ) − ᇱଶݕ − ᇱᇱଶݕ + ݔ݀(ᇱᇱᇱଶݕ
ஶ

଴
> 0 

which is the required integral inequality(1.7). 
Equality occurs in (1.7) when   
(0)ݕ + ᇱᇱ(0)ݕ = 0……………………………………………..(2.5) 
And  
ݕ + ᇱݕ + ᇱᇱݕ + ᇱᇱᇱݕ = 0…………………………………………(2.6) 
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Solving (2.6) we get three linearly independent solutions of the form ݕଵ = ݁ି௫, ଶݕ =
ଷݕ and ݔݏ݋ܿ = ,ଶ(0ܮ from which only ݁ି௫ is in ݔ݊݅ݏ ∞), but for ݕ = ݁ି௫ the equation (2.5) and 
ᇱ(0)ݕ = 0 are not satisfied. So under the given conditions strict inequality follows in (1.7).   

 
§3     In this article we prove Theorem 1 in different ways.  
 
The proof of Theorem 1 : 
 

In order to deduce Theorem 1 from Theorem 2 ,we apply Theorem 2 to (ݔ)ݖinstead of 

(ݔ)ݖ where ,(ݔ)ݕ = ݕ ቀ௫
ఘ

ቁ  .is a positive quantity ߩ   ,

 
Then (1.7) becomes 

න ଶݖ) − ᇱଶݖ − ᇱᇱଶݖ + ݔ݀(ᇱᇱᇱଶݖ
ஶ

଴

> 0 … … … … … … … (3.1) 

 

For  (ݔ)ݖ = ݕ ቀ௫
ఘ

ቁ 

 

(ݔ)ᇱݖ = ൬
1
ߩ

൰ ᇱݕ ൬
ݔ
ߩ

൰,        ݖᇱᇱ(ݔ) = ൬
1

ଶ൰ߩ ᇱᇱݕ ൬
ݔ
ߩ

൰ , (ݔ)ᇱᇱᇱݖ = ൬
1

ଷ൰ߩ ᇱᇱᇱݕ ൬
ݔ
ߩ

൰ 

 
Then (3.1) becomes 
 
 

∫ ቄߩ଺ݕଶ ቀ௫
ఘ

ቁ − ᇱଶݕସߩ ቀ௫
ఘ

ቁ − ᇱᇱଶݕଶߩ ቀ௫
ఘ

ቁ + ᇱᇱᇱଶݕ ቀ௫
ఘ

ቁቅ ݔ݀ > 0ஶ
଴ ……………….(3.2) 

 
Let  

௫
ఘ

=  then (3.2) becomes ,ݐ

 
∫ (ݐ)ଶݕ଺ߩ} − (ݐ)ᇱଶݕସߩ − (ݐ)ᇱᇱଶݕଶߩ + ݐ݀ߩ{(ݐ)ᇱᇱᇱଶݕ > 0ஶ

଴ ……………………(3.3) 
 
Now ߩ being positive, 
 
଺ߩ ∫ ஶݐ݀(ݐ)ଶݕ

଴ − ସߩ ∫ ஶݐ݀(ݐ)ᇱଶݕ
଴ − ଶߩ ∫ ஶݐ݀(ݐ)ᇱᇱଶݕ

଴ + ∫ ݐ݀(ݐ)ᇱᇱᇱଶݕ > 0ஶ
଴ … … … … … … … … . (3.4)which 

gives 
 

଴ܬ଺ߩ − ଵܬସߩ − ଶܬଶߩ + ଷܬ > 0 … … … … … … … … … … … … … … … … … … … … … … … … … . (3.5) 
 

Since (3.5) is true for any positive quantity ߩ,  we now take ߩ = ට௃య
௃మ

 

 

݅. ݁. ଶߩ = ௃య
௃మ

and we get from (3.5) 

 
ଷܬ

ଷ

ଶܬ
ଷ ଴ܬ −

ଷܬ
ଶ

ଶܬ
ଶ ଵܬ −

ଷܬ

ଶܬ
ଶܬ + ଷܬ > 0 
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⇒  
ଷܬ

ଷ

ଶܬ
ଷ ଴ܬ −

ଷܬ
ଶ

ଶܬ
ଶ ଵܬ > 0 

 
⇒ ଴ܬଷܬ  ଵܬଶܬ − > 0 
 

As
௃య

మ

௃మ
మ > 0. 

 
So we have  
ଷܬ଴ܬ > ଶܬଵܬ ⟹  ∫ ஶݔଶ݀ݕ

଴ ∫ ஶݔᇱᇱᇱଶ݀ݕ
଴ > ∫ ஶݔᇱଶ݀ݕ

଴ ∫ ஶݔᇱᇱଶ݀ݕ
଴ which is the required integral inequality (1.6). 

 
 
Alternative proof ofTheorem 1 : 
 
Let ܬ = ∫ ஶݔ݀′ݕݕ

଴  and ܪ = ∫ ஶ.ݔᇱᇱᇱ݀ݕᇱݕ
଴  

 
Now we have 
 

∫ ௑ݔᇱᇱ݀ݕݕ
଴ = ᇱ|଴ݕݕ

௑ −  ∫ ௑     ݔᇱଶ݀ݕ
଴ …………………………………(3.6) 

 
As ܺ → ∞ we apply the convergence of ܬ଴, ᇱ(0)ݕ ଵ and further apply the given conditionܬ = 0 and 

get from (3.6) 
 

ܬ =  ଵ…………………………………….......…..(3.7)ܬ−
 
Proceeding in a similar way for ݕ′and ݕ′′′we get 
 
ܪ =  ଶ………………………………...…..……..(3.8)ܬ−
 
Applying Cauchy-Schwarz’ sine quality we get 
 
ଶܬ ≤  ଶ…………………..…………..…………..(3.9)ܬ଴ܬ
 
Equality occurs when ݕ =  ௫,………………………..……..(3.10)ି݁ܦ
 
where D is any arbitrary constant. 
 
Applying Cauchy-Schwarz’s inequality we get  
 

ଶܪ ≤ ଷܬଵܬ … … … … … … … … … … … … … … . . (3.11) 
 
Equality occurs when ݕ =                    ௫…………………………....(3.12)ି݁ܦ
 
where D is an arbitrary constant. 
 
Multiplying respective sides of (3.9) and (3.11) we get  
 
ଶܪଶܬ ≤  ଷ……………………………………..(3.13)ܬଵܬଶܬ଴ܬ
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equality occurs when ݕ =  ௫…………………………..….....(3.14)ି݁ܦ
 
Using (3.7), (3.8) and (3.13) we get  
 
ଵܬ

ଶܬଶ
ଶ <  ଷ……………………………….……(3.15)ܬଵܬଶܬ଴ܬ

 
 We note that for ݕ = ݁ି௫ the equation (3.7) and (3.8) are not true as the given condition ݕᇱ(0) = 0 
is not satisfied. Hence under the given conditions strict inequality follows in (3.15). 
 
So we have from (3.15) 

଴ܬଷܬ > ଶܬଵܬ ⟹ න ݔଶ݀ݕ න ݔᇱᇱᇱଶ݀ݕ > න ݔᇱଶ݀ݕ න ݔᇱᇱଶ݀ݕ
ஶ

଴

ஶ

଴

ஶ

଴

ஶ

଴

 

 
which is the required integral inequality (1.6). 

§4 In the article we verify our inequalities (1.6) and (1.7) by taking different examples. 
We will explain Example 1 in detail and mention other some examples at the end.  

 

Example 1: Let ݕ = ݁ି ೣ
√మ݊݅ݏ ቀగ

ସ
+ ௫

√ଶ
ቁ ݔ          ∈ [0, ∞)………………………(4.1) 

 
Differentiating (4.1) twice and thrice we get 
 
ᇱᇱݕ + ᇱݕ2√ + ݕ = 0……………….………………………..(4.2) 
 
ᇱᇱᇱݕ + ᇱᇱݕ2√ + ᇱݕ = 0………..…………..………………….(4.3) 
 
respectively.  
 
After conclusion it can be shown that ݕ, ᇱݕ , ,ᇱᇱݕ ,ଶ(0ܮ all are in  ′′′ݕ ∞)and ݕᇱ(0) = 0. 
Now we consider the expression 
 

න(ݕଶ − ᇱଶݕ − ᇱᇱଶݕ + ݔ݀(ᇱᇱᇱଶݕ
௑

଴

 

 
Using (4.3) the above expression  

= න{ݕଶ − ᇱଶݕ − ᇱᇱଶݕ + ᇱᇱݕ2√) + ݔ݀{ଶ(′ݕ
௑

଴

 

 

=  න(ݕଶ + ݔ݀(ᇱᇱଶݕ + √2 න (ᇱଶݕ)݀
௑

଴

௑

଴

 

 

= ∫ ଶݕ) + ݔ݀(ᇱᇱଶݕ + (ܺ)ᇱଶݕ]2√ − ᇱଶ(0)]௑ݕ
଴ ……………………(4.4) 

 
Now since ݕ′ is in ܮଶ(0, ∞) and ݕᇱ(0) = 0 then as ܺ tends to ∞ (4.4) becomes 
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∫ ଶݕ) − ᇱଶݕ − ᇱᇱଶݕ + ௑ݔ݀(ᇱᇱᇱଶݕ
଴ = ∫ ଶݕ) + ݔ݀(ᇱᇱଶݕ > 0௑

଴ ……………..(4.5) 
 
As ݕ is not identically zero. 
Hence (1.7) is verified. 
Now we consider the expression 
 

න ݔଶ݀ݕ
௑

଴

න ݔᇱᇱᇱଶ݀ݕ
௑

଴

 

 
Using (4.2) and (4.3) the above expression 
 

=  න(ݕᇱᇱ + ݔଶ݀(′ݕ2√ න(√2ݕᇱᇱ + ݔଶ݀(′ݕ
௑

଴

௑

଴

 

 

=  ∫ ᇱᇱଶݕ) + ᇱݕᇱᇱݕ2√2 + ݔ݀(ᇱଶݕ2 ∫ ᇱᇱଶݕ2) + ᇱݕᇱᇱݕ2√2 + ௑ݔ݀(ᇱଶݕ
଴

௑
଴ ……………(4.6) 

 
Now 
 

2 ∫ ݔᇱᇱ݀ݕᇱݕ = (ܺ)ᇱଶݕ − ᇱଶ(0)௑ݕ
଴ ………………………………………………….(4.7) 

 
Using the given conditions as ܺ tends to ∞ the R.H.S. of (4.7) tends to zero. 
Now when ܺ tends to ∞ (4.6) becomes 
 

න ݔଶ݀ݕ න ݔᇱᇱᇱଶ݀ݕ
ஶ

଴

ஶ

଴
 

 

= න ᇱᇱଶݕ) + ݔ݀(ᇱଶݕ2
ஶ

଴
න ᇱᇱଶݕ2) + ݔ݀(ᇱଶݕ

ஶ

଴
 

 

=  2൫∫ ஶݔᇱᇱଶ݀ݕ
଴ ൯

ଶ
+ ∫ ݔᇱᇱଶ݀ݕ ∫ ݔᇱଶ݀ݕ + 4 ∫ ݔᇱଶ݀ݕ ∫ ݔᇱᇱଶ݀ݕ + 2൫∫ ஶݔᇱଶ݀ݕ

଴ ൯
ଶஶ

଴
ஶ

଴
ஶ

଴
ஶ

଴ …(4.8) 
 
Now (4.8) gives 
 

ቆන ݔଶ݀ݕ
ஶ

଴
ቇ ቆන ݔᇱᇱᇱଶ݀ݕ

ஶ

଴
ቇ > ቆන ݔᇱଶ݀ݕ

ஶ

଴
ቇ ቆන ݔᇱᇱଶ݀ݕ

ஶ

଴
ቇ 

 
asݕ is not identically zero. 
Hence (1.6) is verified. 
Other some examples are: 
 

ݕ     .2 = ݁ି ೣ
√మܿݏ݋ ൬−

ߨ
4

+
ݔ

√2
൰ ݔ           ∈ [0, ∞) 

ݕ     .3 = ݁ିೣ
మ݊݅ݏ ቆ

ߨ
6

+
ݔ

2 √3
ቇ ݔ           ∈ [0, ∞) 
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ݕ     .4 = ݁
ି ೣ

√మܿݏ݋ ቆ
ߨ
4

−
ݔ
√2

ቇ ݔ           ∈ [0, ∞) 

ݕ     .5 = ݁
ି ೣ

√యܿݏ݋ ቀ
ߨ
3

+ ቁݔ ݔ           ∈ [0, ∞) 

 
Note:  We note that for ݕ = ݁ି௫,   ݕ, ᇱݕ , ,ᇱᇱݕ ᇱᇱᇱݕ ∈ ,ଶ(0ܮ  ∞) and equality occurs in both (1.6) 
and (1.7) but the given condition ݕᇱ(0) = 0 does not hold. 
 
§5.Remark 1: We observe that if ݂ is a complex valued function݅. ݁. ݂ = ଵ݂ + ݅ ଶ݂, where ଵ݂ and 

ଶ݂are the real and imaginary part of ݂respectively, then |݂|ଶ = ଵ݂
ଶ + ଶ݂

ଶ.    ݂ᇱ, ݂′′and݂′′′ can 
be expressed in the similar way. 

We now apply Theorem 2 separately on both real and imaginary parts of ݂ and its 
derivatives and then adding the two results we get the following theorem corresponding to 
Theorem 2for a complex valued function ݂. 

 
Theorem 4: For a complex valued function ݂, if|݂|, |݂′′′| and any one of |݂′| or |݂′′| are in 
,ଶ(0ܮ ∞) and ݂ᇱ(0) = 0 then 
 
(|݂|)ܬ = ∫ {|݂|ଶ − |݂ᇱ|ଶ − |݂ᇱᇱ|ଶ + |݂′′′|ଶ}݀ݔ > 0ஶ

଴ ………………..(5.1) 
 

Similarly we have Theorem 3 for complex valued function ݂, which is the theorem 
corresponding to Theorem 1. 
 
Theorem 3:  For a complex valued function ݂, if |݂|, |݂′′′| and any one of |݂′| or |݂′′| are in 
,ଶ(0ܮ ∞) and ݂ᇱ(0) = 0 then 
 
൫∫ |݂|ଶ݀ݔஶ

଴ ൯൫∫ |݂′′′|ଶ݀ݔஶ
଴ ൯ > ൫∫ |݂′|ଶ݀ݔஶ

଴ ൯൫∫ |݂′′|ଶ݀ݔஶ
଴ ൯………………….(5.2) 

 
We can prove Theorem 3 from Theorem 4 in the same way as Theorem 1 is proved 

from Theorem 2. 
 
Remark 2: It is interesting to observe that when the inequality is considered over the interval 
(−∞, ∞) we do not require the condition ݕᇱ(0) = 0 for corresponding theorems of Theorem 1 
and Theorem 2. The corresponding Theorem 1 and Theorem 2 are Theorem 5 and theorem 6 
respectively which are as follows: 
 
Theorem 5: If ݕ, ,∞−)ଶܮ  are in ′′ݕ or ′ݕ and any one of  ′′′ݕ ∞) then   
൫∫ ஶݔଶ݀ݕ

ିஶ ൯൫∫ ஶݔᇱᇱᇱଶ݀ݕ
ିஶ ൯ > ൫∫ ஶݔᇱଶ݀ݕ

ିஶ ൯൫∫ ஶݔᇱᇱଶ݀ݕ
ିஶ ൯…………(5.3)             

unless ݕ =            (5.4)..……………………………………………………………ܻܦ
where ܦ is an arbitrary constant and 
ܻ = ݁ି௫,…………………………………………….(5.5)            
when there is equality. 
Theorem 6: If ݕ, ,∞−)ଶܮ  are in ′′ݕ or ′ݕ and any one of  ′′′ݕ ∞) then   
∫ ଶݕ) − ᇱଶݕ − ᇱᇱଶݕ + ஶݔ݀(ᇱᇱᇱଶݕ

ିஶ > 0……………………….(5.6)                   
unless ݕ =               (5.7)..……………………………………………………………ܻܦ
where ܦ is an arbitrary constant. 
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Proof of Theorem 6: Proceeding in the same way as the proof of Theorem 2 on 
[−ܺ, ܺ]we have 

 

න ଶݕ)] − ᇱଶݕ − ᇱᇱଶݕ + (ᇱᇱᇱଶݕ − ݕ) + ᇱݕ + ᇱᇱݕ + ݔ݀[ᇱᇱᇱ)ଶݕ
௑

ି௑
 

 
= ݕ)− + ᇱݕ + ᇱᇱ)ଶ|ି௑ݕ

௑ + ᇱଶ|ି௑ݕ
௑ …………………………………….(5.8) 

 
Now from the given conditions, (ݕ + ᇱݕ + ,(ܺ)ᇱᇱ)ଶݕ ݕ)  ᇱଶ(ܺ) andݕ + ᇱݕ + ,(ܺ−)ᇱᇱ)ଶݕ  (ܺ−)ᇱଶݕ
tends to zero as ܺ tends to infinity. 
Hence when ܺ → ∞ we have  

න ଶݕ) − ᇱଶݕ − ᇱᇱଶݕ + ݔ݀(ᇱᇱᇱଶݕ
ஶ

ିஶ
 

 
=  ∫ ݕ) + ᇱݕ + ᇱᇱݕ + ஶݔᇱᇱᇱ)ଶ݀ݕ

ିஶ ………………………………..(5.9) 
 
So we have  
 

න ଶݕ) − ᇱଶݕ − ᇱᇱଶݕ + ݔ݀(ᇱᇱᇱଶݕ
ஶ

ିஶ
>   0 

 
which is the required inequality (5.6). 
Equality occurs whenݕ + ᇱݕ + ᇱᇱݕ + ᇱᇱᇱݕ = 0, which is the equation (2.6) 

Following the solution of (2.6) in §2 we get the only solution in ܮଶ(−∞, ∞) as ݕ = ݁ି௫ 
which gives the equality case here. 

Theorem 5 can also be proved from Theorem 6 in the similar way as Theorem 1 is 
proved from Theorem 2. 
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